UCSD ECE 153 Handout #24
Prof. Young-Han Kim Thursday, December 4, 2008

Solutions to Homework Set #6
(Prepared by TA Halyun Jeong)

1. Read Sections 7.1-7.4, 9.1-9.6, 10.1-10.2, 10.4 in the text. Try to work on all examples.
2. Symmetric random walk. Let X, be a random walk defined as

XQ - 0
X, = Z Zi7
i=1

where Z1, Z,, ... are iid. with P(Z; = —1) =P(Z; = 1) = 1.

(a) Find P{XlO = ]_0}
(b) Find P{ max X; = 10|X5 = 0}.

1<i<20

(¢) Find P{X, = k}.

Solution:
(a) Since the event {X;p = 10} is equivalent to {Z; = --- = Zjg = 1}, we have
P{Xlo = 10} =210,
(b) Since the event {max X; = 10, Xy, = 0} is equivalent to {Z; = -+ = Zjg =
1,Z11 == Z20 = —1}, we have
220 1
e Koo =0} = 5 =0y )

(¢) As shown in class,

P{X, =k} = P{(n+ k)/2 heads in n independent coin tosses}

n —n
- ()2
2

for —n < k < n with n + k even.



3. Moving average process. Let Y,, = %Zn_l + Z, for n > 1, where Zy, Z1, Z, ... are i.i.d.
~ N(0,1). Find the mean and autocorrelation function of Y.

Solution:
1

LY, = §EZ"_1 +FEZ,=0.

Ry (m,n) = E(Y,.Y,
E

mYn)
(5e102) (o)
Zy 4],

p

1E| n—m=
) Bz )4 Bz n=m
1E(Z2), m—n =
L 0, otherwise
(2 n=m
40
=< 3 In—m[=1
| 0, otherwise

4. Gauss-Markov process. Let Xg =0 and X,, = %Xn_l + Z, for n > 1, where 73, Z, . ..
are i.i.d. ~ N(0,1). Find the mean and autocorrelation function of X,,.

Solution: It is easy to show that E(X,,) = E(X,—1) =--- = E(Xy) = 0. (Why?) For
the autocorrelation function, first note that
1
E(X?) = ZE(X,E_l) + E(Z2) + E(Xn-1Zn)
1
= ZE(X,%_l) + 1.

Therefore, EX? =1 -0+ 1 =1. Similarly, EX} = 1E(X})+1=1-1+1=2.

2 _ n=11 _ 4 1\n+1 .
In general, EX; =3 " 5 = 3(1 — (3)""). Moreover, we can write

1 1 1
Xn = ?Xn—k + ok—1 Zp—kt1 + Wzn_k_m + -+ 2,
and thus
1 9 4 1\ n—k+1 1
Re(nn—k) = EX, X = 5pBXE =5 (1= (3) )

for all n and all £ > 0.

5. Discrete-time Wiener process. Let Z,, n > 0 be a discrete time white Gaussian noise
(WGN) process, i.e., Zy, Zs, ... are i.i.d. ~ N(0,1). Define the process X,,, n > 1 as
Xo=0,and X,, = X,,_1+ Z, for n > 1.

2



(a
(b

(c
(

Is X,, an independent increment process? Justify your answer.
Is X,, a Markov process? Justify your answer.

Is X,, a Gaussian process? Justify your answer.

d) Find the mean and autocorrelation functions of X,,.
(e) Specify the first and second order pdfs of X,.

(f) Specify the joint pdf of X, X5, and Xj.

(g) Find E(X20|X1, XQ, e 7X10)-

~— ~— ~— S ~—

Solution:

(a) Yes. The increments X, X, — Xp,, ... s Xy, — X, are sums of different Z;s,
and the Z;s are IID.

(b) Yes. Since the process has independent increments, it is Markov.

(c) Yes. Any set of samples of X,,, n > 1 are obtained by a linear transformation
of IID N(0,1) random variables and therefore all nth order distributions of X,
are jointly Gaussian (it is not sufficient to show that the random variable X, is
Gaussian).

RX (nlv n2) = E[Xanz]

ni no

E Z; E Z;
=1 j=1
ny no

=> Y E[2:Z))

i=1 j=1

=F

min(ni,n2

)
= Y EZ} (ID)
i=1
= min(ny, ny).
(e) As shown above, X,, is Gaussian with mean zero and variance

Var(X,,) = E[X?] — E*[X,)]
= RX(TL, n) -0

=n.

Thus, X,, ~ N (0,n).



(f) X,, n > 11is a zero mean Gaussian random process. Thus

X, E[Xi] Rx(1,1) Rx(1,2) Rx(1,3)
Xo| ~N | |E[X2]|, |Rx(2,1) Rx(2,2) Rx(2,3)
X3 E[X3] Rx(3,1) Rx(3,2) Rx(3,3)

Substituting, we get

X, o] 1 11
Xo| ~N [ [0],]1 2 2
X; o] [1 2 3

(g) Since X, is an independent increment process,

E(Xa0| X1, Xa, ..., X10) = E(X20 — X10 + X0/ X1, Xo, ..., X10)

(X0 — X10| X1, Xo, ..., Xy0) + E(Xq0| X1, Xo, ..., X10)
(X20 — X10) + X10

(X10) + X0
+ X0

10-

I |
e I G!

I
>

6. Random binary waveform. In a digital communication channel the symbol “17 is
represented by the fixed duration rectangular pulse

(1) = 1 for0<t<1
IWW=7 0 otherwise,

and the symbol “0” is represented by —g(t). The data transmitted over the channel is
represented by the random process

X(t) = ZAkg(t — k), fort >0,
k=0

where Ay, Ay, ... are i.i.d random variables with
1
A = { +1  w.p. ?
-1 wp. 3.

(a) Find its first and second order pmfs.

(b) Find the mean and the autocorrelation function of the process X (t).

Solution:



(a) The first order pmf is:
px(xr) =P (X (1) = 2)

=P (f: Arg(t — k) = x)
k=0

(A = =)
(Ap =) 1ID

RS
1 0, otherwise.

=P
=P

Now note that X (¢;) and X(¢3) are dependent only if ¢; and ¢, fall within the
same time interval. Otherwise, they are independent. Thus, the second order pmf
is:

pX(tl)X(tz)(xuy) =P (X (t) =7,X(t2) =y)

P> Ag(ti—k) =2 Awg(ta—k) =y>
k=0 k=0

=P (Ajn) =2, A1) =)

P(Ag=2,A0=y), [t1]=[t2]

P(Ay =z,A; =y), otherwise

5 ) =1t &(z,y) = (1,1),(=1,-1)

g’ |.t1J 7'é |_t2J & (ZL’,y) = (17 1)a (17 _1)7 (_17 1)a (_1a _1)

, otherwise.

i
(b) For t >0,

E

EIX ()]

i Apg(t — k)]

> gt = k)E[A]

For the autocorrelation Rx(t1,?2), we note once again that only if ¢; and ¢, fall
within the same interval, will X (¢;) be dependent on X (t»); if they do not fall in
the same interval then they are independent from one another. Then,

Rx(t1,t2) = E[X (1) X (t2)]

o0

=Y gty — k)g(ts — k) E[A}]

_ { (21)7 [t1] =[]

, otherwise.



7. Amplitude modulation. Consider the random process X (t) = A(t) cos(wt + O), where
A(t) is a zero-mean WSS process with autocorrelation function Ra(r) = e 217, © ~
Unif]0, 27|, and A(t) and © are independent. Is X (¢) wide sense stationary?

Solution: X (t) is wide-sense stationary if FX (t) is independent of ¢ and if Rx(¢1,t2)
depends only on t; — t5. Consider

E[X(t)] = E[A(t) cos(wt + O)]
= E[A(t)|Elcos(wt + O)] by independence

and
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) cos(w(ty + t2)) cos(20)
= §RA(t1 —ty)E | —sin(w(t; + t2))sin(20)
+ cos(w(t; — t2))
) E cos(w(t; +t3)) - Ecos(20)
= §RA(tl —ty) | — Esin(w(t; +1t2)) - Fsin(20)
+ Ecos(w(ty —t2))

= £ Ralty — o) cos((ts — 1)

1
= 5RA(tl — tg) cos(w(ty — ta)),

which is a function of t; — ¢ only. Hence X () is wide-sense stationary.

8. LTI system with WSS process input. Let Y (t) = h(t) * X(¢) and Z(t) = X(t) — Y (¢t)
as shown in the Figure 1.

(a) Find Sy(f).
(b) Find E(Z2(t)).

Your answers should be in terms of Sx(f) and the transfer function H(f) = F[h(t)].

Solution:



Y(t)

)

+ Z(t)

X(t) h(t)

Figure 1: LTI system.

(a) To find Sz(f), we first find the autocorrelation function

)
= B(X(t) = Y()(X(t+7) = Y(t+71))
( (1) (=7) = Rxy(-71)
= RX(T) + Ry(T) — ny(T) - RXY(_T)'

(f) +Sy(f) = Sxv(f) — Sxv(—f)

= Sx(f) + [H(f)Sx(f) — H(=f)Sx(f) — H(f)Sx(f)
(f) (L+[H(f)I = 2Re[H(f)])

(HIL—=H()*.

(b) To find the average power of Z(t), we find the area under Sz(f)

e}

B(Z2(1)) = / 11— H(f)PSx () df.

[e.e]

9. Echo filtering (from Spring 2006 Final). A signal X(t) and its echo arrive at the
receiver as Y (t) = X (t) + X(t — A) + Z(t). Here the signal X (¢) is a zero-mean WSS
process with power spectral density Sy (f) and the noise Z(t) is a zero-mean WSS with
power spectral density Sz(f) = Ny/2, uncorrelated with X ().

(a) Find Sy (f) in terms of Sx(f), A, and Np.

(b) Find the best linear filter to estimate X () from {Y'($)}_co<s<oo-
Solution:

(a) We can write Y (t) = g(t) * X(t) + Z(t) where g(t) =
Sy (f) = |G(f)PSx(f) + Sz(f) = 1 + e *™[2Sx (f) +

(b) Since Syx(f) = (1 + e 22N Sx(f),

20'1

(t ) + 6(t — A). Thus,

)



where the linear filter h(t) has the transfer function

~ Syx(f) (L4 e )8k (f)

H(f) = Sy (f) - |1_'_6—j27rAf|25X(f)+%.



