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Abstract

The paper provides a proof of the converse for the capacity region of the Gaussian
MIMO broadcast channel. The proof uses several ideas from earlier works on the prob-
lem including the recent converse proof by Weingarten, Steinberg and Shamai. First
the duality between Gaussian multiple access and broadcast channels is used to show
that every point on the boundary of the dirty paper coding region can be represented
as the optimal solution to a convex optimization problem. Using the optimality con-
ditions for this convex problem, a degraded broadcast channel is constructed for each
point. It is then shown that the capacity region for this degraded broadcast channel
contains the capacity region of the original channel. Moreover, the same point lies on
the boundary of the dirty paper coding region for this degraded channel. Finally, the
standard entropy power inequality is used to show that this point lies on the boundary
of the capacity region of the degraded channel as well and consequently it is on the
boundary of the capacity region of the original channel.

Index Terms—Broadcast channel (BC), multiple access channel (MAC), capacity region, dirty
paper coding (DPC) region, duality, convex optimization, Karush-Kuhn-Tucker (KKT) op-
timality conditions, entropy power inequality (EPT).

1 Introduction

Consider a memoryless Gaussian multiple-input multiple-output (MIMO) broadcast channel
(BC) with K > 2 receivers. Assume that the transmitter has ¢ antennas and each receiver
has r antennas. Equal number of receive antennas is chosen to simplify notation. The proof
readily applies to the case of receivers with different numbers of antennas. The received

symbols of user k = 1,..., K at transmission ¢ can be expressed in terms of the transmitted
symbols and channel coefficients as,
yi(i) = Hpx(i) + 2 (i), (1)
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Figure 1: Gaussian MIMO broadcast channel.

where x(i) € R" is the vector of transmitted symbols and y (i) € R" is the vector of received
symbols. The noise vectors z; (i) for k =1,..., K and i = 1,2,... are i.i.d. white Gaussian
noise with identity covariance matrix, I,. The matrices H, € R™ ! k =1,..., K, represent
the channel gains, where the entry Hy(i,j) denotes the channel gain from transmit antenna
J to receive antenna ¢ of user k.

A code with rates (Ri,..., Rg) and block length n, denoted by C(e™®, ... enfx n),
consists of K message sets Wy, = {1,...,e"®} that contain the intended messages for user
k=1,..., K, an encoding function x" (W7, ..., W) that maps the messages (W1, ..., Wk) €
Wi X - - - X Wy into the transmitted codewords and K decoding functions Wi (y}) that assign
the messages Wy € W to the received codewords yp for k=1,..., K. Average probability
of decoding error, Pe("), is defined as the probability that either of the transmitted messages
W) is decoded erroneously. For the moment, as for the case of Gaussian channels, a total
average power constraint is assumed on the transmitted codewords, i.e., for every codeword,

% Z x(i)Tx(i) < P.

More general constraints on the covariance matrix of the transmitted codewords will be
considered later in the paper. The rate-tuple (Ry,..., Rk) is said to be achievable if there
exists a sequence of C'(e" ... ™ n) codes such that the average probability of error goes
to zero as the block length n goes to infinity. The capacity region is then the convex hull
of the union of all achievable rates. The capacity region of the Gaussian MIMO BC under
total average transmit power constraint P is referred to by Cpc(P). A two-user Gaussian
MIMO BC is shown in Figure 1.

Unlike the scalar BC with ¢ = r = 1, the Gaussian MIMO BC in (1) is not degraded
in general, hence, the superposition coding and successive decoding of the scalar case is
not applicable to the MIMO channel. In the pioneering works [5] [6], Caire and Shamai
used Costa’s “writing on dirty paper” result [2] to establish an achievable rate region for
the Gaussian MIMO BC, commonly referred to as the “Dirty Paper Coding” (DPC) region.
They showed that their proposed scheme achieves the sum-rate capacity of a 2-user Gaussian
MIMO BC with 2 transmit antennas and one receive antenna at each receiver, and conjec-



tured that this achievable rate region is the capacity. Independent works presented in [8], [9]
and [10] further established the optimality of the DPC scheme for the sum-rate. Progress
towards establishing this conjecture in general was made in [11] and [12]. By introducing
the Degraded Same Marginal (DSM) outer bound, the proof of the conjecture was reduced
to that for a degraded Gaussian MIMO BC. The conjecture was finally settled in [13], where
the DPC region was proven to be equal to the capacity region. In this paper, an alterna-
tive proof of the aforementioned conjecture is provided. The contribution of this paper is
to combine several ideas from previous works to provide a rather more intuitive and much
simpler converse proof. While the proof employs some previously used ideas, as will be clear
later in the paper, it has several key differences with the recent converse of [13].

The rest of this paper is organized as follows: In Section 2, the DPC region is revisited.
Based on duality between Gaussian multiple access and broadcast channels, every boundary
point of the DPC region is represented as the solution to a convex optimization problem.
The proof of the converse for K = 2 users is given in Section 3. The proof is extended to
more than two users in Section 3.1. In addition, the optimality of the DPC is proven under
any arbitrary compact and convex constraint on the transmit covariance matrix in Section
3.2. Section 4 summarizes the paper.

The following notations and abbreviations will be used throughout the paper. Upper
case letters denote matrices and boldface letters denote vectors. The ith element of a vector
a is denoted by a;. The (i, j) entry of a matrix A is denoted by A(i, j). AT is the transpose
of A and |A| is its determinant. An identity matrix of size n x n is denoted by I,,. E(.) and
tr(.) denote the expectation and trace operations, respectively. For a symmetric matrix A,
A > 0 and A > 0 mean that A is positive semi-definite and positive definite, respectively.
The abbreviations BC, MAC, DPC and EPI are used for broadcast channel, multiple access
channel, dirty paper coding region and entropy power inequality, respectively.

2 Dirty Paper Coding Region

Dirty paper coding region is constructed based on a surprising result on the capacity of
channels with non-causal transmitter side information. Consider a Gaussian MIMO channel
given by,

y=X-+8S+12,

where x € R’ is the transmitted signal vector. s and z € R’ are the zero mean Gaussian
interference vector with covariance matrix S, and the Gaussian noise vector with covariance
matrix S, respectively, and are independent of each other. Assume the interference sequence
s” is completely known at the transmitter but unknown to the receiver. Therefore to encode
the message W, the encoder can choose the transmitted codeword according to W and the
interference sequence s” as x™(s", ). Also assume that there is an average power constraint
on each transmitted codeword. It was shown in [3] [4] that the capacity of this channel is



the same as if the interference s does not exist, i.e.,

1 |Se + S, |
C = max -log—=. 2
tr(S,)<P 2 & S| @)

In other words, interference can be pre-subtracted at the transmitter without increase in
transmit power. This result which is known as “writing on dirty paper”, can be considered
as a generalization of the Costa’s work [2] where similar result was obtained for the capacity of
a Gaussian scalar channel with i.i.d. Gaussian interference. By using the idea of subtracting
interference at the transmitter instead of the receiver, superposition coding can be used in
non-degraded Gaussian MIMO BCs. Caire and Shamai [5] [6] used this “writing on dirty
paper” idea to establish an achievable rate region for a 2-user Gaussian MIMO BC with 2
transmit antennas and one receive antenna per user. This achievable rate region was referred
to as the DPC region and it has been generalized to Gaussian MIMO BCs with arbitrary
number of users and antennas [16].

In the DPC scheme, users’ messages are encoded successively and the corresponding
codewords are added together to form the transmitted codeword. Figure 2 illustrates the
DPC scheme for a 2-user Gaussian MIMO BC. Assume the message for user 1 is encoded
first by using Gaussian codewords with covariance matrix S; = E(x;xT). Consequently,
the codeword of user 1, x7 (W), can be viewed as a Gaussian interference for user 2 that
is completely known to the encoder. Therefore, by the writing on dirty paper result, the
encoder can pre-subtract this interference at the transmitter without increase in transmit
power. Moreover, the codewords for user 2, x5 (x}, Ws), are also Gaussian codewords and
are statistically independent from x7(W;). Let Sy = E(x2x]) denote the covariance matrix
for these codewords. By completely treating the Gaussian interference from user 2 as noise,
receiver 1 can achieve the rate R; and in the absence of interference from user 1, receiver 2
can achieve the rate Ry as given below:

ro_ L |H\ S HY + HiS:HY + I,|
T TS H

2

R2 = %1Og’H252H2T+IT|

Since X = X; 4+ X9 and the codewords are independent, the transmit covariance matrix
S = E(xxT) is given by S; + S,. Hence, by using various code-books with covariance
matrices S, Sy = 0 that satisfy the average power constraint, tr(S; +S5;) < P, an achievable
rate region can be constructed. This region can be expanded further by using the other

encoding order. The following lemma summarizes the DPC scheme for a K-user Gaussian
MIMO BC.

Lemma 2.1 Given a permutation m on_{l, ..., K} and a set of positive semi-definite matri-
ces S, k=1,..., K, such that tr (Zk Sk) < P, any rate-tuple in the set F(m,{Hy},{Sk})
gien as below is achievable for the Gaussian MIMO BC in (1).

f(ﬂ,{Hk},{gk}):{RERfRkSRk, kIl,...,K}, (3)
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Figure 2: Dirty paper coding for Gaussian MIMO BC.

where fork=1,...,K, Ry, is defined as,

K
‘Hﬂ(k) <zi:k Swu)) Hlgy + 1

pa—
Hr (e (Zi:k+1 Sw(z')) Hegy +1r

: (4)

In this lemma, permutation 7 determines the encoding order: the message for user 7(k) is
encoded after all messages for preceding users (i), i < k, have been encoded. Moreover, Sy
is the covariance matrix of the transmitted codewords for user k. The proof for K-user case
is a straightforward extension of the 2-user case.

The DPC achievable rate region is formally defined in the following.

Definition 2.1 The DPC achievable rate region of the Gaussian MIMO BC'in (1) with aver-
age power constraint P, Rppc(P), is the convez-hull of the union of all sets F(m, {Hy},{Sk})
over all permutations and admissible covariance matrices, i.e.,

RDPC(P) = Conv U f(ﬂa{Hk}7{§k}) . (5)

7, {Sk}:Sk =0 Vk, 3, tr(Sp)<P

Except for a few special cases, it is almost impossible to characterize the DPC region by
examining all possible permutations and admissible transmit covariance matrices. Hence,
one might think of using the convexity of this region to characterize its boundary points.
However, the rate terms for Ry in (4) are not concave functions of {Sy} and therefore it is
very difficult to directly characterize the boundary points of the region Rppc(P). In the
following section, it is shown how this difficulty can be overcome using the duality theory.



2.1 Alternative Representation of the Dirty Paper Coding Region
via Duality

The Gaussian multiple access-broadcast channel duality was observed independently by au-
thors of [7] [8] and [10]. The approach introduced in [7] and [8] is employed for the purpose
of this section. There, it was shown that for any permutation 7 and admissible set of covari-
ance matrices {Si}, the rates Ry, in (4) are achievable in a Gaussian multiple access channel
that is obtained from the broadcast channel by reversing the roles of the transmitter and
the receivers. Specifically, the output of this dual MAC is given by,

K
y = Z Hlxy, + 2, (6)

k=1

where y € R? is the received vector, x; € R” is the transmitted vector of user k and z is the
receiver’s Gaussian noise with covariance matrix ;. In this dual MAC, the matrices Hy are
the same as the ones in (1). Here, Hy(7, ) is the channel coefficient from transmit antenna
1 of user k to receive antenna j.

The duality result states that for any 7 and any set of covariance matrices igk}, there
exists a set of r x r covariance matrices {Si} such that >, tr(Sy) = >, tr(Sk) and for
kE=1,....K,

11 [ Hay (Zis gnu))H (*)
Log
‘Hw(k (Xio Sei) H7

‘ZKI@ ~ySr Hry + 1t

‘ka 71'(7, Hw(z‘) + [t

(7)

Recall that the left-hand side expression is Rw(k) when the covariance matrices of the code-
words in the DPC scheme are equal to {S;}. Moreover, a close look at the righthand side ex-
pression reveals that it is equal to I (Xx(k); ¥|[Xr(k11), - - - » Xn(k)) in the dual MAC in (6) when
the users exploit Gaussian code-books with covariance matrices {Si}. Therefore, the rates Ry,
in the DPC region of the broadcast channel are achieved by successive decoding in the dual
MAC and the users’ codewords are decoded in the opposite order of w. Conversely, for any
given m and any set of covariance matrices {S;} such that ), tr(Sy) < P, there exists a set
of covariance matrices {5y} that satisfies the equalities in (7) with >, tr(Sy) = >, tr(Sk).
Given that for a Gaussian multiple access channel, Gaussian code-books are optimal, it can
be concluded that the DPC region in (5) is equal to the capacity region of the dual MAC

sum

under sum power constraint P. Let this region be denoted by C3iit:(P). In short, by duality

Ropc(P) = Cyfac(P).

In order to describe Cift(P) , recall that by using a Gaussian code-book with covariance

matrix Sy for user k, the following set of rates is achievable in the dual multiple access
channel [17] [15]:

> H{SH,+1,
keJ

GU{H Y, {S}) = {R e RY: ZRk < %log

keJ

,wg{1,...,K}}. (8)



In effect, the capacity region of the dual MAC in (6) under sum power constraint P can be
expressed by,

Chiac(P) = U G{Hy }.{Sk})- (9)

{Sk}:S% =0 Vk,3°, tT(Sk)<P

It is not hard to check that this region is closed. Moreover, the following proposition
states that it is also convex without convexification.

Proposition 2.1 The capacity region of the dual MAC under sum power constraint, as given
in (9), is convex.

The proof of this proposition is given in Appendix A. In addition to the closeness and convex-

ity properties of the set C3fae(P), according to the following lemma, each of the constituting

sets G({H[!'}, {Sk}) has a particular feature that becomes very handy in characterizing the
boundary points of the set C3iAe(P).

Lemma 2.2 For a fized set of covariance matrices {Sy} and any pq, . .., ux > 0, the solution
to the optimization problem,

K
Maximize » ppRp  Subject to R € GH{H},{Sk}),

k=1
is attained by a permutation ™ over {1,2,..., K} and a Vertex R™ defined as,
Sy H ) Seto Haiy + I

[ H T Set Hiy +

RT('(k log kzl,...,K,

where m 1s such that pir1y > fr2) =+ 2 Hr(K)-

The proof of this lemma is based on the polymatroid structure of the set G({H}'},{Sk}) for
a fixed set of {Sy} and is provided in [15] and references therein. Note that R™ is achievable
by successive decoding scheme in the dual MAC with decoding order determined by the
permutation 7. The message of user m(K) is decoded first and the message for user 7(1) is
decoded last.

All these mentioned properties together with the fact that each set G({H][}, {Sx}) is
expressed by concave functions of {S;}, make the dual representation of the DPC region an
easier set to describe. Therefore, in the following, the DPC region is characterized via finding
the boundary points of the set C3iit(P). Since the set CiiAt(P) is a closed and convex set
in R, any point on its boundary (also known as Pareto optimal point) can be found by



maximizing a weighted sum of the rates [18]. More specifically, any boundary point is a

solution to the following optimization problem for some weights p1, ..., ux > 0:
K
Maximize Z i R (10)
k=1

Subject to R € CyiAc(P).

Conversely, all the solutions corresponding to all possible selections of the weights constitute
the boundary. Without loss of generality, assume all the weights are positive. If u; = 0 for
some k, the resulting solution can be viewed as a boundary point of the DPC region obtained
by positive weights in a broadcast channel derived from the original channel after removing
the users with pr = 0. Therefore, assume 0 < p; < py < --- < pug. In General, two
possible selections for the weights are feasible: The case where not any pair of the weights
are equal, e.g., 0 < 1 < o < --- < ug and the case where some of the weights are equal,
eg, 0 < < - <=y = = fym < -+ < pg. Characterizing the boundary
points corresponding to these two cases are slightly different, therefore, they are considered
separately. Lemma 2.3 simplifies further the optimization problem in (10) to characterize
the boundary points corresponding to some given weights 1, ..., k.

sum

Lemma 2.3 The boundary point R* mazimizing Y r_, puxRi over C33%(P) for two possible
selections of 1, ..., ux are characterized in the following:
(1), 0 < py < pig < -+ < pg: in this case R* is unique and is given by,

‘Zf:k H}S;H; + I

k=1,...,K, (11)

1
*:_1
j=k+1 "5 Mji4a t

where Si, for k = 1,..., K are optimal solutions to the following optimization problem
(conventionally po = 0):

K K
.. 1

Maximize Z(uk — ,uk,l)é log Z HJ-TSjHj + I (12)
k=1 j=k
K

Subject to Z tr(Sg) < P, (13)
k=1
Se=0 k=1,...,K. (14)

Furthermore, for any optimal S}, k=1,..., K, Zszl tr(Sy) = P and there exists \* € R,
and positive semi-definite matrices Oy such that they jointly satisfy the following Karush-
Kuhn-Tucker (KKT) optimality conditions for k=1,... K:

k K -1
1
Hi ) (15 = #i-1)3 <Z H[S{H; + ft) Hy + @}, = XL, = 0, (15)
j=1 i=j
tr(®;S;) = 0. (16)



(17), 0 < g < -+o < g = Mgy = - = fym < -+ < g in this case, the boundary point
R* may not be unique. In fact, R* can be any point in the convex-hull of the vertices R% as
given below for all permutations o;, i =1,...,(m+1)!, on the set T ={l,...,l+m}:

S0 HTS H, + 1,

. 1
R} = Zlog

ke{l,... K}\Z, (17)
2 ZJ =k+1 HTS*H + 1

l+m *
1 ’ZJF Hy, ])S ) Hoi() +Z] vemer HY S;H + 1

Rgi(k) = 3 log o kel, (18)
Z] k+1 S Hﬂ'z(j +Z] =l+m+1 HTS*H +[t
where S} fork =1,..., K are solutions to the same optimization problem (12) and satisfy the

same KKT optimality conditions in (15)-(16). Moreover, any such R* satisfies the following
equalities:

SIS HISIH 41,

R, = 1 ke{l,... K}\T, (19)

‘Zj o HTSSH, + 1,

L+m ‘Z] \,  HTS:H;+1,

> Ry = log
k=l

(20)

’ZJ teme1 Hi S3H; +]t

Proof:  First consider the case 0 < p; < --- < pug. Since the set C3{t(P) as defined in (9)
is closed and convex, each of its boundary points must belong to a set G({H}'},{Sk}), for
some covariance matrices {Sy}. Using the result of Lemma 2.2, the vertex given by

(SIS HES;H, + 1

Rk——lo kzl,...,K,

’ZJ =k+1 HTS H + 1

maximizes y_, Ry, over G({H}'},{Sk}). Moreover, this point is achievable by successive
decoding in the dual MAC where the message for user k is decoded kth in the order. Substi-
tuting the rate terms for Ry, in (10) and including the sum power constraint, the optimization
problem in (12) is obtained.

It is easy to show that the cost function of this optimization problem is continuous in
{Sk} for any norm on the space of symmetric matrices. As is shown in [18], this function is
actually differentiable with respect to these variables. Moreover, the optimization domain
defined by the constraints (13) and (14) is closed and compact for the same norm. Hence,
by Weierstrass theorem [19], there exist Si for k = 1,..., K that achieve the maximum.
In addition, this optimization problem is convex since it has a concave cost function and
convex constraints in the covariance matrices {Sx} as in (13) and (14). Also the Slater
condition holds and the feasible region has an interior point for any P > 0. Thus, any
optimal solution of (12) must satisfy the Karush-Kuhn-Tucker (KKT) optimality conditions
and vice versa [18]. To obtain the KKT conditions, let A > 0 be the dual variable associated

9



with the sum power constraint in (13) and the matrix ®; = 0 be the dual variable associated
with the positive semi-definite constraint on Sy given in (14) for £ = 1,..., K. Then the
Lagrangian for this optimization problem can be expressed as,

LS AN = S (e ukl)%log > HIS;H; 1
+3 tr(Sei) — A tr(Sk) — P).

Taking the derivative of the Lagrangian with respect to Sy for some norm on the space of
symmetric matrices, yields the left-hand side expression in (15) for £ = 1,..., K [18]. The
conditions in (16) are known as the complementary slackness conditions. Since the optimum
value is achieved, there exist feasible S}, ®; for £ = 1,..., K and \* that satisfy the KKT
conditions in (15)-(16). S; are referred to as the primal optimal solutions while ®} and A\* are

referred to as the dual optimal solutions. Note that since for any k, log ’Z;I{:k HJ-TaSjH i+ It‘

is a strictly increasing function of a € R, the power constraint must hold with equality,
ie., >, tr(Sy) = P. Otherwise, all Sis can be scaled up by a factor a > 1 to increase the
cost function while still satisfying the trace constraint. Also all the matrix terms on the
left-hand sides of (15) are positive semi-definite and the matrix terms involving Sjs cannot
be equal to all zero matrix. Therefore, the optimal \* must be positive. For this choice of
the weights, it can be shown that the boundary point R* is also unique!.

Next consider the case 0 < pup < -+ < W = o1 = -+ = fpem < -+ < pg. Asin
the case of unequal weights, each boundary point must belong to a set G({H} },{Sk}) for
some feasible covariance matrices {Si}. According to Lemma 2.2, >, Ry is maximized
over G({H['},{Sk}) by all the vertices that have the following decoding orders: user k for

k ¢ {l,...,l + m} is decoded kth in the order. However, since p; = -+ = p 1, this
lemma does not specify any decoding order for the users in {l,...,l + m}. Therefore, by
choosing various decoding orders specified by the permutations o; for ¢ = 1,...,(m + 1)!

on these m + 1 users, all the vertices R that maximize ), pu R can be found as given in
(17)-(18). Recall that there is no other vertex that maximizes ), puRi. Referring to the
polymatroid structure of the set G({ H]'}, {Si.}) for a fixed set of { Sy} [15], the convex-hull of
these (m + 1)! vertices constitutes a m-dimensional boundary surface of G({H!'}, {S;}) and
clearly any point on this convex-hull maximizes ), iz R;. Note that some or all of these
points may coincide resulting in a smaller dimensional surface (possibly a single point).
However, in general, they produce a m-dimensional surface. It is easy to verify that for all

!Uniqueness of this point is a direct consequence of strict concavity of log|.| function, however, it is of
the least significance to the proof and is included here for the sack of completeness.

10



the vertices R% fori =1,...,(m+ 1),

)Zﬁik HTSH, + 1,

1
R = Slog kell,... . KY\T,

S e HESH; + 1,

J=k+1

o ‘Zfi . HIS;H, + 1,
Z R} = 3 log < :
K=l > jtimi1 H SiH; + 1
Since py = -+ = f4+m, after substituting the rate terms for these vertices in >, p1x Ry and

taking into account the second equality above, the same optimization problem in (12) is
obtained. The solution to this problem may not be unique, however, any set of optimal {S}}
satisfies the KKT conditions in (15)-(16) and identifies the vertices R?. The boundary point
R* may be chosen as any point in the convex-hull of these vertices and clearly satisfies the
equalities in (19) and (20). Note that the aforementioned boundary point R* may no longer
be achievable by the successive decoding scheme in the dual MAC. Hence, it may not be
achievable by only using the DPC scheme in the broadcast channel. Nevertheless, the DPC
scheme achieves each of the vertices R% and by time sharing among the codes achieving
these vertices, R* can be achieved. O

This result will be exploited in the next section to prove the optimality of the DPC
region.

Figure 3 sketches the DPC region and shows a boundary point (R}, R3) for some p1, ps.

3 Optimality of the Dirty Paper Coding Scheme
Theorem 3.1 Rppc(P) is the capacity region, Cpc(P).

To prove this theorem, the same approach proposed in [11], [12] and [13] is used: the bound-
ary of the DPC region is partitioned into several segments (possibly single points) and the
converse is proven independently for each segment. The main idea of this approach is to
exploit the known results on the capacity of degraded broadcast channels. By partitioning
the boundary of the DPC region into several segments, a degraded broadcast channel is con-
structed for each boundary segment, B, with the following properties: First, it has the same
segment B on the boundary of its DPC region. In other words, for that particular segment,
the DPC scheme performs at best the same in the degraded channel and the original chan-
nel. Second, the capacity region of the degraded channel contains the capacity region of the
original channel. Then, by using the known results on the capacity of degraded broadcast
channels, it is shown that the DPC scheme is optimal for the degraded channel, hence, this
channel has the segment B on the boundary of its capacity region. Since the capacity region
of the degraded channel contains the capacity region of the original channel, it is concluded
that B is also on the boundary of the capacity region of the original channel. The same

11
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Figure 3: Characterizing the boundary points of the DPC region via duality
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argument is used for all the boundary segments to prove the optimality of the DPC scheme
for the whole region.

The authors of [11] and [12] successfully constructed these degraded broadcast channels
for each boundary segment, however, they failed to prove the optimality of the DPC scheme
for these degraded broadcast channels. Obviously, the choice of these degraded channels has
a significant effect on the simplicity of the converse proof.

In this section, the converse proof is given for each boundary point of Rppc(P). A
degraded broadcast channel for the boundary point R* that maximizes Zszl i Ry, for a
given p1,...,ux > 0, is defined based on the optimality conditions given in Lemma 2.3.
In Lemma 3.1, it is shown that R* is on the boundary of the DPC region of this degraded
channel (first property). Furthermore, it is proven that this degraded channel has a larger
capacity region compared to the original channel (second property). Using the entropy power
inequality, it is then proven that R* also lies on the boundary of the capacity region of the
degraded broadcast channel (Lemma 3.2).

While the proof presented in this section borrows its main idea from the previous works
including the recent converse by Weingarten, Steinberg and Shamai (WSS) [13], it has several
key differences. The converse by WSS is initially proven for a particular class of degraded
MIMO broadcast channels referred to as Aligned Degraded Broadcast Channels (ADBC),
while the proof proposed here directly applies to general Gaussian MIMO broadcast channels.
Moreover, in [13], the converse for the ADBC channels is proven through the definition of
the enhanced ADBC channel with certain properties that make it possible to employ the
entropy power inequality. Although, this enhanced ADBC channel shows up in the proposed
proof here, the way this channel is obtained is totally different from the approach of WSS. In
this section, this channel is initially defined based on the optimality conditions for a convex
optimization problem and it will turn out that it has all the properties of the enhanced
channel. While in [13], the existence of such a channel is proven mainly using non-convex
optimization techniques. As the last step of the WSS proof, the converse is generalized
to the larger class of Aligned Multiple-input-multiple-output Broadcast Channels (AMBC).
Using the result for the AMBC channels, the proof is then extended to the general Gaussian
MIMO BC by showing that the capacity region of a MIMO BC can be expressed as the limit
of the capacity regions of a sequence of AMBC channels as some of the eigenvalues of the
noise covariance matrices go to infinity. Nevertheless, this limiting argument is not needed
in the converse proof of this section.

To focus mainly on the key steps of the proof instead of the details and simplify the
presentation, first, the optimality of the DPC scheme is proven for K = 2 users. Study of
the general K > 2 user case is postponed to Section 3.1.

Now the details of the proof are given. Consider the boundary point R* of Rppc(P)
corresponding to given 0 < p; < ps as characterized in Lemma 2.3. Recall that for K = 2,
the choices of p; = 0 or uy = 0 and py = pe correspond to the capacities of the individual
users and the maximum sum-rate point of the DPC region, respectively. These points are
of no interest since optimality of the DPC scheme is already known for them (see [§], [9]
and [10]). Thus, it only remains to consider the cases 0 < p1; < pg or 0 < pg < . Since the
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proof for the latter case is identical to the proof for the former case, it is sufficient to only
consider 0 < 1 < po. For these given weights, define the ¢ x ¢ symmetric matrices,

Qi = o3 (HIStHy + HI S;Hy + 1) . (21)
Q= LL(HIsiH + HESim 1)+ P (s e n) T (@2)

where ST, S5 and \* are, respectively, the primal and dual optimal solutions of the optimiza-
tion problem (12) in Lemma 2.3. Clearly, these matrices are positive definite. Note that
both @1 and Q2 depend on the weight vector p = (u1, p2). This dependency is not explic-
itly included for notational simplicity. In the following, a degraded MIMO BC is defined
corresponding to the boundary point of Rppc(P) under consideration.

Definition 3.1 For a given weight vector p and its corresponding boundary point R* of
Rppc(P), define the DBC(p) channel as,

Yk:X+zk k:1727 (23)

where x,y1 and yo € R are the channel input and output vectors, respectively, and z,,zy are
Gaussian noise vectors with covariance matrices Q1 and o, respectively. Further assume
the same total average transmit power P for this channel.

It is immediate from definition of )7 and @) that 0 < Q1 < Q2. This choice of ()1 and Q-
ensures that DBC(p) is statistically degraded, a property that will be used later to establish
its capacity region. The following lemma shows that the boundary of the DPC region of
DBC(p) is tangent to the boundary of Rppc(P) at R*, hence, this point is achievable by
the DPC scheme in this channel.

Lemma 3.1 The point R* mazimizes 1 Ry + po Ry over the DPC region of DBC(u) denoted
DBC(H)
by Rppe ' (P).

The proof of this lemma is given in Appendix B. Figure 4 shows the DPC regions for both
the original channel and the degraded channel, DBC(u), defined for the point R*.

Before proceeding to prove that the point R* also lies on the boundary of the capacity
region of DBC(p), consider the transmit covariance matrices for the DBC(p) channel that
achieve R* by the DPC scheme. Denote these matrices by I'¥ and I';. Lemma 3.3 of Section
3.1 shows that these matrices are given by,

Iy = 2'%\1* (HQTS;Hz + [t)_l —

= o ((HIS3Hy + 1) ™" — (HY S{H, + H S;H + 1)), (24)
f; = Qlf*ft - 1_1){ — Q2

= L2 (1 (st 1)), (25)
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Figure 4: The point (R;, Rj) lies on the boundaries of the DPC regions for the original
broadcast channel and the degraded channel, DBC(p).
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z; ~ N(0,Q1) 7'y ~ N(0,Q2 — Q1)

Y1 Y2

Figure 5: Physically degraded broadcast channel with the same capacity region as DBC ().

where ST, S5 and \* are the optimal solutions to the optimization problem in (12). Moreover,
this lemma expresses R}, R in terms of I'7 and I'} as,

1. |Ti+ Q]
R = —log—t 1
! 2 Q| 7
. 1 [t + T+ Qo
R, = = _ .
2 TS + Qo

Lemma 3.2 The point R*, which was shown to be on the boundary of the DPC region of
DBC(w) is also on the boundary of its capacity region.

Proof:  The method of proof by contradiction is employed to verify that (R}, R3) is on
the boundary of the capacity region of DBC(u). The steps of the proof is very similar to
the Bergmans’ convers given for the scalar case [1]. Since 1 < @2, DBC() has the same
marginal transition probability distributions, and therefore, the same capacity region as a
physically degraded broadcast channel given by,

Yy = X+Z17
yo = y1+2',

where z; and z’, are independent Gaussian noises with covariance matrices equal to Q4
and Q2 — @1, respectively (see Figure 5). To be able to use the entropy power inequality,
this degraded version of DBC(p) is used for the capacity analysis. First assume (R}, Rj)
is not on the boundary and lies within the capacity region of DBC(u). Therefore, there
exists a rate-pair (R, Ry) in the capacity region and an arbitrary small 6 > 0 such that
R; +26 < Ry, for k = 1,2. Consider C(e"™, e n), an arbitrary sequence of codes each
with block length n and rates (Ry, Ry) such that the average probability of decoding error,
Pe("), vanishes as n — oo. Let X" denote the nt by 1 stacked vector of the transmitted
symbols, x" = [x(1)T---x(n)T]T and define the noise vectors z?, z3' and corresponding
output vectors y7, y4 similarly. By Fano’s inequality, for the codes under consideration with
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large enough block-length, n, the following inequalities hold:
1
Ri+6 < Ri—08< —I(Wiyi|Wo), (26)
1
Ry 46 < Ry—0< —I(Wayp), (27)

where Wi, W; are intended messages for user 1 and user 2, respectively. By expanding the
mutual information term, (26) is reduced to,

1 1
Ri+0 < gh(Y?le) - Eh(}’ﬁWl,WQ),

where h(.) is the differential entropy function. Note that y}, y5 are obtained by addi-
tion of two independent Gaussian noise vectors to x", hence, they both have densities.
Wy Wi, Wa) = h(z}) = Zlog(2me)' |Q1] and R} = 1log|I 4+ Q1| — 3log|Q1], from these
equalities the following lower bound on h(y7}|W3) can be established:

1
—h(yiIV2) = S log(2me)

[T+ Q| +6. (28)

N —

Now since z'y is independent of (W7, Wa, z7), and conditioned on Wy, y5 = y7 + 2’5 and y7
have densities, the entropy power inequality [17] can be applied to obtain,

exp (200307 ) = exo ( 0321 ) +exp (20 ) (29

Employing the lower bound obtained in (28) in (29) and substituting h(z'5) = 3 log(2me)" |Q2 — Q1]

the inequality (29) is reduced to,

2 — 1 1
oxp ( ZH3072)) = 2me (1P + @1+ 1a - @ult) 4.
for some small & > 0. However, as illustrated in the following, the expressions for I'}, Q,
and Q)2 in (24), (21) and (22) reveal that the two matrix expressions on the right-hand side,
(I't + Q1) and (Q2 — @), are scaled versions of each other:

Di+Q = Ju(HISHy + 1),
Q- = ) (rm, )

In effect, they satisfy the following equality:
1

‘fik +Q1|% + Q2 _Ql‘% =

This equality yields a lower bound on h(y%|W5) as given below:

f?‘*‘@ﬂ

1 _
Eh(yS\Wz) > —log(2me)" T} + Q2| + 6", (30)

DO | —
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where 6” > 0 is some small positive constant. The lower bound (30) can be used in the
Fano’s inequality (27) to obtain a lower bound on h(y}) as

1 1 _
5’1(}’3) > R+ 3 log(2me)" |I"1‘ + Q2’ L5+

> [y +T5+ Qo +0+6,

> % log(2me)?
where the second term is obtained by substituting R3 = % log |T% + T% + Qs | —% log |3 + Q2 ‘
However, y = x" +z!" + 2’5 is the transmitted codeword corrupted by an additive Gaussian
noise that is i.i.d. over transmissions and on each transmission it has covariance matrix ()s.
In other words, z} + 2’5 has nt by nt block-diagonal covariance matrix with @ on each
diagonal block:

Q 0 --- 0
0 Q -~ 0
0 0 - @

Moreover, there is an average power constraint on x”,
n
> Ex(i)"x(i)) = E (x""x") < nP.
i=1

Therefore, by water-filling conditions [17], h(y}) is maximized for a random vector x" that
has i.i.d. Gaussian x(i) for i = 1,...,n. In addition, each x(¢) has zero mean and covariance
matrix that has the same eigenvectors as the noise covariance matrix (), and its eigenvalues
water-fill the eigenvalues of )5 . It is not hard to show that the optimal positive semi-definite
covariance matrix ¥ = E(x(i)x(i)7) that maximizes h(y?%) subject to the power constraint
must satisfy the water-filling conditions as given below,

(2+Q) ' +0 = al,
tr(¥) = P,
tr(X0) = 0,

where O is a t x t positive semi-definite matrix and « is a positive real number. Form (25),
it can be seen that f"{_+ I3+ Q2 = £21, and furthermore, in the proof of Lemma 3.3, it
is shown that tr(I'f + I'5) = P. Therefore, the transmit covariance matrix I'f 4+ I'; satisfies
the water-filling conditions for ® = 0 and a = 2A\*/uy and maximizes h(y%). In effect,
1n(ys) < Llog(2me)' |3 + I's + Q2], that contradicts the previous inequality. Therefore

(R}, R3) lies on the boundary of the capacity region of DBC(p). O

To complete the proof and show that R* is on the boundary of Cgc(P), it remains to show
that the capacity region of DBC(pu) contains the capacity region of the original broadcast
channel. Since R* is on the boundary of the capacity region of DBC(u) that contains Cpc(P),
it must be on the boundary of Cpc(P) as well.

Let (Ry, R2) be a rate-pair in Cpc(P). To prove Cpc(P) is contained in the capacity
region of DBC(pu), it is sufficient to show that any code achieving the rate-pair (R, Ry) in
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the original broadcast channel with arbitrary small probability of decoding error, can be
used in DBC(p) to achieve the same rates with at least the same probability of decoding
error. Consider a code for the original broadcast channel with rates (R;, R2) and arbitrary
small probability of error and assume this code is used in DBC(p). To be able to decode
each codeword, appropriate decoder is constructed for receiver k of DBC(u) as described in
the following:

1. Receiver k multiplies each received symbol y (i) by H.

2. Adds an i.i.d Gaussian noise vector with covariance matrix I, —H kaHg to the resulting
symbols for Q) as given in (21)-(22).

3. The resulting symbols are decoded using the same decoding rule as in the original
broadcast channel.

After step 1, receiver k obtains a codeword that is statistically the same as the one received
in a Gaussian MIMO BC with channel matrix Hj, and noise covariance matrix H,QH} for
receiver k. Note that equalities given in (15) ensures that H QnHy =< I, for k = 1,2.
Therefore, there exists a Gaussian noise vector with covariance matrix as given in step 2. By
step 2, the resulting codeword is statistically the same as the one passed through a broadcast
channel with channel matrix H}; and noise covariance matrix H, kaHg + 1, — HkaHkT =1,
for receiver k. Thus, the same decoding functions as in the original broadcast channel can
be used to decode each message with at least the same probability of error. This completes
the converse proof for K = 2 users.

3.1 Extension to More than Two Users

In this section, the converse proof is extended to more than two users. Except for some
technical details, the extended proof follows exactly the same line of reasoning as for the two
user case. Let R* be the boundary point of Rppc(P) corresponding to some given weights
Wi, g > 0. For the converse proof, it is only sufficient to prove the optimality of the
DPC scheme for the boundary points that correspond to positive weights. If i = 0 for some
k, then R* will essentially lie on the boundary of the DPC region of a K — 1 user broadcast
channel obtained by removing user k£ from the original channel. Hence, by induction on K
and assuming that the converse holds for K — 1 users, this point will be on the boundary
of the capacity region of this K — 1 user broadcast channel, which is in fact the boundary
segment of the capacity region of the K user original channel corresponding to R, = 0.
Consequently, R* will lie on the boundary of the capacity region of the K user broadcast
channel. Therefore, without loss of generality assume 0 < p; < --- < pi and consider the
corresponding boundary point R* as specified in Lemma 2.3.

Parallel to Section 3, for the boundary point R* define the matrices Q; € S! as,

k K -1
1
Qr =53 > 1y = mj-1) (Z HI'S*H,; + A) k=1,...,K. (31)

j=1 i=j
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Also let the degraded broadcast channel DBC(u) be defined as before:
Yi =X+ 2y, fork=1,... K,

where z; is a white Gaussian noise vector with covariance matrix equal to Q. Note that
0<0Q1 2@y = =2 Qk and DBC(p) is a statistically degraded broadcast channel. As for
the 2-user case, according to Lemma 3.1, the boundary of the DPC region of this channel is
tangent to the boundary of the DPC region of the original channel at the point R*.

Furthermore, transmit covariance matrices that achieve R* by the DPC scheme in DBC ()
are provided in the following lemma.

Lemma 3.3 For the case 0 < py < --- < ug, the transmit covariance matrices of DBC(u)
that achieve the boundary point R* as given in (11) by the DPC scheme satisfy the following
recursive formulas:

-1

j=k+1

and can be expressed as given below:

K -1 !
T ﬂk T o* T Q*
szw<z HijHj+It> 2)\* (ZHSH+It) k=1,...,K, (33)

j=k+1

where Sy and \* are the optimal solutions to the optimization problem (12). Furthermore,
for the case 0 < py < -+ <y =+ = pyom < --- < lg, these covariance matrices achieve
R as given in (17)-(18) by the DPC where o1 is the identity permutation on {l,...,l4+m}.

Proof:  Starting from & = 1 and substituting the expressions for the covariance matrices
in the recursive formulas, I'} as given in (33) are obtained. First, it is shown that I'}y, k =
1,..., K, are feasible and satisfy the sum power constraint P. Note that for k=1,..., K,

K -1 K -1
(Z HYSTH; + It> = ( > HISiH;+ It> .
=k

j=k+1

Therefore, ['; are positive semi-definite. Moreover, using the identity I — (I + A =
(I +A)A for any A = 0, the expressions for I'; can be simplified to,

K -1 K -1
T % /Lk T Q* lu T Q*
ho= o (( ik SjHth) —1) + 53 (It (E o Sjﬂjﬂt) )

j=k+1 j=k

-1 K

= 2)\*(ZHTS*H +It) > HIS;H
X "k
2»( Z H!'S:H; +1t> > H/S;H;,

j=k+1
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where the term /2X\*I; is added to and subtracted from the original expression for T}.
Adding up I'; for k =1, ..., K yields,

K K -1 K
Z 2/\lj:k—1 (Z HI'S*H, +[t> ZHJ-TS;‘H

Mw

k=1 i=k j=k
K j K -1
= “‘ﬂ_“k : (Z Hl.TSjHiJrIt) HI'S:H
j=1 k=1 i=k
K
- ZQjHJ:'FS;Hj>
Jj=1

where the second equality is obtained by interchanging the summation over j and k£ and the
third equality follows from definition of @ in (31). Hence,

K K K
> w(Th) = tr(HQuH{S;) =D tr ((1 —}) S*) Ztr (S5)
k=1 k=1

k=1

where the second equality follows from the optimality conditions given in (15) and definition
of Q while the third equality follows from the complementary slackness conditions in (16).
Therefore, I'; as given in (33) satisfy the power constraint P.

Referring to Lemma 3.1, for the case 0 < p; < -+ < pg, R* is achievable in DBC(u)
by the DPC scheme with an encoding order that is reverse of the decoding order achieving
this point in the dual MAC. Hence, starting from user K, user k is encoded after users
k+1,...,K. On the other hand, according to the DPC rates given in (4), the following
rates are achievable in DBC(p) using I'; and the mentioned encoding order:

i \2] 1F*+Qk\
Ry = k=1,... K.
12 ST

Form the recursive expressions in (32), it is easy to verify the Rj, = R} for R* as specified
n (11). Therefore,

‘Z] 1 F* _I_ Qk‘
R, l P k=1,....K, (34)

o el
and is achievable by the DPC scheme using the covariance matrices '} in DBC(u). Recall
that for the case 0 < iy < -+~ <y ="-++ = fom < --- < ug, as is explained in Lemma 2.3,

in general, the boundary point R* is not necessarily achievable by only successive encoding
scheme and further time-sharing may be required. However, following the same line of
reasoning as given above, it can be shown that the vertex R as given in (17)-(18) is
achievable by the DPC scheme using the covariance matrices 'y in DBC(p). O
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The fact that the capacity region of DBC(u) contains the capacity region of the original
channel follows directly from the inequalities H kTQkH r = I, exactly in the same manner as
for the two user case. Finally by showing that the point R* also lies on the boundary of the
capacity region of DBC(p), the converse proof is completed. This is proven by contradiction
in the following.

As was mentioned earlier, DBC(p) is a degraded broadcast channel and its capacity
region is equal to the capacity region of a physically degraded broadcast channel given as
below,

Y1 = X+12z,
Y. = yk—l_’_zlka k:27"'7K7

where z; € R and z/;, € R for k = 2,..., K are independent white Gaussian noise vec-
tors with covariance matrices ()1 and Qr — Qr_1, respectively. For capacity analysis, this
physically degraded version of DBC(u) is considered.

Assume R* is not on the boundary of the capacity region of DBC(). Therefore, there
must exist a rate-tuple R and an arbitrary small 6 > 0 such that R} + 20 < Ry for
k =1,...,K. Consider C(e™ enf2 . erfix p) any sequence of n block-length codes
for DBC(p) with rates (Rj, ..., Rg) such that the average probability of decoding error,
Pe("), goes to zero as n — oo. By Fano’s inequality, for sufficiently large n, the following
inequalities hold:

1
Ri+d < —I(WiyiWees,. . Wie) k=1,....K. (35)

In Lemma 3.4 at the end of this section, it is shown that for sufficiently small ¢, > 0, the
inequality,

k
1 1 _
(i |Wir, Wisa, .., W) > - log(2me)! D TS+ Qu| + e (36)
j=1
holds for £ = 1,..., K in the case 0 < p; < -+ < ug and it holds for £ € {1,..., K} \
{l,...;l+m—1}inthecase 0 < g < -+ < gy =+ = fppm < -+ < pg. As a result, for
k = K, it follows from (36) that,
1 1 =
~h(yk) 2 5 log(2me)’ ;F; + Q| + ex.

However, y% = X" + z}, where z} consists of i.i.d. Gaussian noise vectors with covari-
ance matrix (Jx for each transmission and there is an average power constraint nP on
the transmitted codewords, i.e., E(x""x") < nP. Therefore, ii.d. Gaussian x(i) for
i =1,...,n that satisfy the water-filling conditions maximize h(y’.). Note that from Lemma
3.3, S5 tr(T;) = P and from the recursive formulas in (32) for k = K, it follows that,

K
ST+ Qi =55k
j=1

2)0\*
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Therefore, i.id. Gaussian x(i), for i = 1,...,n with covariance matrix E(x(i)x"(i)) =
Zle Iy satisfy the water-filling conditions. Consequently, 7 (y%) is bounded from above
as given below:

Y

K
Z Iy + Qx
k=1

1 1
Zh(v®) < Zlog(2me)t
“h(yk) < 5 log(2re)

which contradicts the previous inequality. Therefore, the point R* must be on the boundary
of the capacity region of DBC(p).

Lemma 3.4 For the case 0 < py < --- < ug, the following inequalities hold for k =
1,...,K:
1 1 a
Eh(yZ|Wk+1, Wk+2, ey WK) Z 5 10g(2ﬂ'6)t Z F; + Qk + €L,
j=1

where €, > 0 are arbitrary small positive constants. The aforementioned inequalities hold for
1<k<l—1landl+m <k < K forthe case 0 < p; < -+ < jiy = flys1 = *** = Hpom <
< UK.

Proof: These inequalities are proven by induction on k. First consider the case 0 < u; <
-+ < pg. For k =1, from the Fano’s inequality in (35), the rate expression for R} in (34)
and h(y}|Wh, ..., Wk) = h(z}) = §log(2me)"|Q.|, it follows that,

T3 + Q|
Q1]

which is the desired inequality with ¢; = > 0. Now assume the inequality holds for k£ — 1.
Recall that y}'_; and 2’} are independent given Wy, ..., Wk and y} =y}, +2';, hence, the
conditional entropy power inequality can be employed to obtain,

1 1 1 1 _
Eh(yﬁWQ, o Wg) > 5 log(2me)*|Q1| + Elog + 6= 3 log(2me)!|T + Q1] + 6,

2 2 2 /
exp (Eh(ymwk, ce WK)) > €exp <Eh(}’Z1|Wk7 R WK)) T exp (;MZ’“))
1/t

> 21e +2me |Qr — Qr | + €y,

k—1
> TS+ Qi
j=1

where the second inequality follows from the induction assumption for £ — 1 and sufficiently
small €,_, > 0. However, the recursive expression in (32) for I';_, reveals that,

k-1 /j, K -1
ok _ HE-1 T ox
;FjJerl_ % (Zﬂj SjHth) .

Jj=k

Therefore, Zf;ll f‘; + Qr_1 and Q) — Qr_1 are scaled versions of each other which yields,

1/t

F1Qk — Qus |V =

1/t

k-1
Z 7+ Qr—1
=1

k-1
> T+
j=1
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This equality further simplifies the lower bound on h(y}|Wr, ..., Wk) as,

k—1
1 1 _
ﬁh(YZ’Wk, L Wk) > 3 log(2me)’ T4 Q| e,
=1

for some sufficiently small €/, > 0. By employing this lower bound in the Fano’s inequality
in (35) for user k and replacing the rate expression for Rj, the desired inequality is obtained

for k:

1 1
Eh<YZ|Wk+17---7WK> > R*—l——h(yﬁWk,...,WK)—i—é

el e
> ; 1 + 5 log(2me)' D Ti+ Qi+, +0
’Z F* + Qk’ j=1
k —
= 3 log(27re)t > T+ Qu| +en
j=1
Next consider the case 0 < pg < -+ < py = -+ = fypm < -+ < pg. In this case, since
Q1 = -+ = Quym in DBC(p), the received vectors y7',...,y7,,, are statistically the same.
Therefore, for k =1[,...,l + m, the Fano’s inequalities in (35) can be written as,
* 1 n n
Ry +0 < E[(Wk§Yk’Wk+1a s W) = IWis ¥ Wi, -, Wk).
Adding up these inequalities for £k = [,...,l + m and using the chain rule for mutual infor-
mation provide the following inequality that will be used subsequently:
l+m
ZRk (m+1)5 < 1<m,...,m+m;y?+m|m+m+1,...7WK). (37)

According to Lemma 2.3, for this choice of weights, the point R* that is on the boundary
of the DPC regions of both DBC(p) and the original channel, lies on the convex-hull of the

vertices R% fori = 1,..., (m+1)! as given in (17)-(18). Moreover, all these vertices and hence
R* satisfy the equalities in (19)-(20). Therefore, R; = R} for k € {1,..., K}\{l,..., 4+ m}
and ZHm = ?;T R7*. In particular, these equalities hold for R?* where o is the

identity permutation on {l,...,l+m}. On the other hand, in Lemma 3.3 it is shown that
the vertex R is achievable in DBC(u) by using the DPC scheme with covariance matrices
[; for k=1,...,K and Rj' assures the rate expression in (34). Hence, any boundary point
R* satisfies,

‘Z] 1F*+Qk‘
R = — ke{l,...,K}\{l,....,l+m}, (38)
‘Z F*‘I’Qk‘
i - Lm ’Zj 1F*+Qk’ ‘Zl+mr*+Ql+m‘
;Rk = Z )Zk T, ’ ‘Zz 1F*+Qz‘ ) (39)
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where the second equality in (39) is obtained from the fact that for p;, = -+ = pm,

Qi = -+ = Quym- Since the rate expressions for Ry, k=1,...,0—1, in (38) are the same as
in the case 0 < pu; < - < ug, identical induction arguments prove the desired inequalities
for Kk =1,...,1 — 1 in the same way as given before. Now assume the inequality holds for
l—1,1ie.,

1 -1

~h(yp Wi, Wi, ... . W) > log 2me)' D T3+ Q| + e

n =
In the degraded version of DBC(p), y7,,, = ¥i'1+2; since Q; = - - - = Q4. The conditional

entropy power inequality can be applied to y7,,, to obtain,

2 2 2
exp <n (yl+m|I/Vl,...,WK)> > exp< h(y;- 1]VV1,...,WK)) + exp <¥h(zl)>

-1 1/t

Z F; + Qi1
=1

where the second inequality follows from the induction assumption for £ = [—1 and arbitrary
small €,_; > 0. Again, the two expressions on the right-hand side are scaled versions of each
other and simplify further the lower bound on h(y7,,|Wi, ..., Wk) as,

> 27e +2me|Qr— QualY ey,

—1
1 1 —
ﬁh(yl’;mmfl, o W) > 5 log(2me)" Q|+ € 1,

where €/ ; > 0 is sufficiently small. By employing this lower bound in the inequality (37)
and replacmg the expression for i::l" Ry from (39), the desired inequality for k =+ m is
obtained as below:

1
5h(yln+m|vvl+m+17"'7WK>
1 l+m
> —h(y} - 1)o

-1

1
> 5 log(2me)’ Z T+ Q

j=1

‘ZHm s+ Ql-l—m‘
ST Q)

+e 1+ = log + (m+ 1)

l+m

1 Tk

Jj=1

+ €i4m-

For k=14+m+1,..., K, the inequality holds by the same induction steps given previously.
L]
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3.2 Extension to General Convex Constraints on the Transmit
Covariance Matrix

In this section, capacity region of the Gaussian MIMO BC under any convex constraint on
the transmit covariance matrix is investigated. Consider a norm? on the space of symmetric
t X t matrices, S*, and let S C S' be a compact (closed and bounded) and convex set
with respect to this norm. For the Gaussian MIMO BC defined in (1), instead of the total
average power constraint, assume the following constraint is imposed on each codeword of
block-length n:

% > x(ijx(i)! € . (40)

Capacity of the Gaussian MIMO BC under these types of transmit covariance matrix con-
straints is practically interesting. For instance, consider the downlink transmission in a
wireless system where each antenna at the base station has its individual average power con-
straint. These individual power constraints can be imposed by the RF amplifiers connected
to each antenna. The problem of determining the data rates supportable for each user in
this scenario is particularly important in wireless communications. These per antenna power
constraints appropriately lie under the category of the transmit covariance matrix constraints
given in (40).

The main objective of this section is to show that the DPC scheme achieves the capacity of
the Gaussian MIMO BC under general convex constraints on the transmit covariance matrix.
This result was first obtained in [13] directly without any hint of the duality concept. At
the first glance, duality may appear to be inappropriate to tackle this problem, since the
early versions of the MAC-BC duality introduced in [7], [8] and [10] only observe this duality
under total power constraint. However, by using more general duality concepts, in particular
the one introduced in [14], optimality of the DPC scheme can be established under these
kinds of covariance constraints.

The following theorem formally states the main result of this section.

Theorem 3.2 The capacity region of the Gaussian MIMO BC in (1) under the transmit
covariance matriz constraint in (40), denoted by Cpc(S), is equal to

Ropc(S) = Conv U F(m {H}, {Se}) | - (41)

7,{Sk}:Sk=0 Vk, 3, SpES

where 7 is a permutation on {1,..., K}, Sy = E(x3xL) is the transmit covariance matriz

for user k and the set F(m,{Hy},{Sy}) is defined as in (3).

This theorem is initially established for a particular class of the sets S that are specified
by an arbitrary number of affine constraints on the transmit covariance matrix, S =), Si.

*Spectral norm is an example. For any matrix S € S*, ||S|| = max; [\;|, where \; for i = 1,...,¢ are the
eigenvalues of S.
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Then the result is generalized to compact and convex sets in the positive semi-definite cone,
S%.. Let M denote a general set in S', that is specified by a number of affine constraints as
given below:

M:{gzgiO, tr(A;S) < b, forizl,...,m}, (42)

where A; and b;, i = 1,...,m, are arbitrary number of ¢ X t symmetric matrices and real
numbers, respectively. Clearly, the set M depends on the matrices A; and the constants
b, 1 = 1,...,m, however, this dependency is not included in the notation for simplicity
purposes. It is only reasonable to consider the sets M that are non-empty and bounded,
otherwise the corresponding capacity region would be empty or unbounded. Hence, assume
A; and b;, i = 1,...,m, are such that the set M is non-empty and bounded. Moreover,
without loss of generality, it can be assumed that )" | A; > 0. Notice that by adding another
linear constraint tr(A,;,+15) < bppq for Ay = — > 0" A; and by = maxgep tr(Am15),
the matrices {A4;}7+! satisfy 371" A,, = 0 and the set M is not altered. Also, by
is bounded because for matrix B € S!, over the bounded set M, maxge tr(BS) is also
bounded. Since m is arbitrary in definition of this class of covariance constraints specified
by M, there is no loss of generality in assuming » ", A; = 0. The assumption that M
is non-empty together with > " A, = 0 imply that > " b, > 0, since for any positive
semi-definite matrix S € M,

To prove Theorem 3.2 for the set M, the notion of MAC-BC duality introduced in [14]
is employed. By using the Lagrange dual problem, authors of [14] have established another
notion of MAC-BC duality summarized in the following lemma.

Lemma 3.5 The boundary point R* that maximizes Zszl g Ry over the DPC region, Rppc(M),
for some given weights p,...,ux > 0, can be obtained by maximizing the same weighted
sum of the rates over the capacity region of a Gaussian multiple access channel described as
below:

K
y = Z Hlx), + z.
k=1

In this dual MAC, the Gaussian noise vector z € R" has a covariance matriz S, > 0 that
is determined by the weights pi1, . .., ik and the parameters {A;},{b;} and has the following
general form:

=1

for some a; € Ry, v =1,...,m, that satisfy,

i=1 i=1

Furthermore, the dual MAC has a sum power constraint equal to Y ;" b;.
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The notion of MAC-BC duality considered in Section 2.1 is different from the one introduced
in Lemma 3.5 in the sense that in the latter, a specific MAC is defined for each boundary
point of the DPC region, whereas in the former, a MAC is defined for the whole DPC region.
In fact, in the duality notion of [14], the boundary of the capacity region of each dual channel
is tangent to the boundary of the DPC region at the point for which the dual channel is
defined. However, the capacity region of the dual MAC corresponding to that point may
not be equal to the DPC region. It should be mentioned that the duality in [14] has been
established originally for the per antenna power constraints. Although the derivation there
does not explicitly include the types of the constraints given by the set M, however, by
some minor modifications, the duality can be easily extended to this larger class of linear
constraints on the transmit covariance matrix. The only subtle point that requires some
attention is the choice of {A;} and {b;} that define the set M. For improper choice of {4;}
and {b;}, the set M may be empty or unbounded. Furthermore, there may not exist a noise
covariance matrix that satisfy (43) and (44), and finally the power constraint in the dual
channel, Y b;, may be negative. Nevertheless, for the non-empty and bounded sets M
considered in this section, Y ", A; = 0, therefore (43) and (44) at least has a solution for
a;=1,i=1,....,m,and > b > 0.

The same approach used in Section 3 is employed to show that Cpc(M) is equal to
Rppc(M). First, each boundary point of Rppc (M) is characterized by maximizing Zszl pig Ry
for some weights i1, ..., ux > 0. Then for each boundary point, a degraded broadcast chan-
nel with the usual total average power constraint is constructed. It is shown that the same
point lies on the boundary of the DPC region and the capacity region of this degraded chan-
nel. Finally, it is shown that the capacity region of this degraded channel contains Cgc(M),
hence, the boundary point of Rppc(M) lies on the boundary of Cgc(M). By the same
arguments, all the boundary points of the DPC region lie on the boundary of the capacity
region and two regions are equal.

To mainly focus on the key steps of the proof and avoid getting into unnecessary details,
the proof is given for the case where the large channel matrix, [H{ HI --- H};]T is full
column-rank. As it is shown in the following, the dual MAC corresponding to each boundary
point of the DPC region of such a broadcast channel has positive definite noise covariance
matrix, S, > 0. This assumption is only made to simplify the proof, however, the proof
can be easily extended to general rank deficient channel matrices by some additional steps
required for handling the channel and the noise covariance matrix singularities.

As the first step, the boundary point R* that maximizes S 1, jx Ry over Rppc(M)
for some weights p1,...,ux > 0 is characterized. As was mentioned in Section 3, it is
sufficient to only consider the positive weights p1,...,ux > 0. According to Lemma 3.5,
this maximization can be performed over the capacity region of the dual MAC. Similar to the
dual MAC defined in (6), the dual multiple access channel of Lemma 3.5 has a sum power
constraint while in contrast, this channel does not have the identity noise covariance matrix
structure. However, the noise at the receiver of this channel can be whitened to transform it
into the form of the MAC defined in (6). It is easy to verify that the noise covariance matrix,
S, of the dual MAC in Lemma 3.5 is positive definite for weights p1, ..., ux > 0, given that
the matrix [H{ --- HL] " is full column-rank. This can be verified by contradiction. Assume
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S, is not positive definite, therefore, there exists w € R? such that w’S,w = 0. However,
w must be in the null-space of [H{ --- HIT(]T and w'[HT --- HE] must be equal to all
zero vector. Otherwise, in the dual MAC, the non-zero element of w” [H{ --- HE] will
have infinite signal to noise ratio and the corresponding user can achieve arbitrary large
rates. Since py, > 0 for all k, this will make ), u,R), unbounded above. On the other hand,

T T
[ HT ... HK]

null-space of [H{ --- H}Q]T and S, must be positive definite.

is full column-rank and has empty null-space. Therefore, w cannot be in the

Given S, > 0, the noise at the receiver of the dual MAC in Lemma 3.5 can be whitened by
multiplying the output vector by S, Y ?. where S5 /2 is the square root matrix of S;'. This
whitening process transforms the channel into the form of the dual MAC defined in (6) with
channel matrices HY = S;l/ZHkT for k = 1,..., K and sum power constraint Y ", b;, and
does not alter the capacity region. Therefore, Lemma 2.3 can be employed for this equivalent
channel to characterize the boundary point R* of Rppc(M) that maximizes szzl 1k Ry

The next couple of steps are exactly the same as in Section 3 and 3.1. For the boundary
point R* of Rppc(M), as is characterized in Lemma 2.3 for the channel matrices fIkT =
521/2]:1,?, k =1,..., K, define the degraded broadcast channel DBC(u) exactly as before.
Assume for user k, this channel has the identity channel matrix and the noise covariance
matrix Q) that is given by the same expression in (31) except with all the terms related
to the channel matrices H}' replaced by the corresponding terms for H I Consistent with
the sum power constraint of the dual MAC, assume this channel has a total average power
constraint » . b;. Lemma 3.1 holds immediately and R* lies on the boundary of the DPC
region of DBC(u). Also, following the same line of reasoning as before, it can be shown that
R* lies on the boundary of the capacity region of DBC(p). Therefore, the only remaining
step is to show that the capacity region of the degraded broadcast channel, DBC(u), contains
the capacity region of the original channel, Cgc(M). Recall that DBC(p) has the ordinary
total average power constraint while the original channel is under the covariance constraint
of the form given in (40). The following lemma proves this claim and complete the proof of
Theorem 3.2 for the class of covariance constraints specified by the set M.

Lemma 3.6 Capacity region of DBC(u) contains Cgc(M).

Proof:  To prove Cpc(M) is contained in the capacity region of DBC(u), it is sufficient
to show that any code achieving the rate-tuple R in the original broadcast channel with
arbitrary small probability of decoding error, can be used in DBC(u) to achieve the same
rates with at least the same probability of decoding error. Consider a code for the original
broadcast channel with rates (Ry,..., Rx) with arbitrary small probability of error and
codewords denoted by x™. To use this code in DBC(p), assume each x(7) for i =1,...,n is
multiplied by S 12 prior to transmission in this channel, where S 12 is the square root matrix

of S.. After this multiplication, each transmitted codeword has total average power given
by,

% Z x7(1)S,x(i) = tr(S,S5),
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where S = £ 3" | x(i)x(i)” is the transmit covariance matrix of that codeword. However,
since x" is a codeword for the original broadcast channel, it must satisfy the covariance
constraint: S € M, i.e.,

tr(A4;S) < b; fori=1,...,m.

Hence,
= ZO@'U‘(AiS) < Zazbz < wa
i=1 i=1 i=1

where the first equality follows form the form of S, given in (43) and the third inequality
is based on (44). In effect, the transmitted codeword in DBC(p) satisfies the total average
power constraint for this channel.

On the decoders’ side, receiver k of DBC(u) multiplies its received signal by H, =
HkS,Zl/Q, adds an 1.i.d Gaussian noise vector with covariance matrix I, — ﬁk()kf:lg to it and
uses the same decoding rule as in the original broadcast channel to decode the transmitted
codeword. After these procedures, receiver k obtains the transmitted codeword x™ passed
through the channel matrix ]:IkS - = Hy and added to a Gaussian noise vector with co-
variance matrix ﬁkaﬁ,{ + I, — HkaHk = I,. Note that the same equalities given in (15)
ensures that H k@kﬁ;{ < I, for the channel matrices H. Therefore, the resulting codeword is
statistically the same as the one passed through the original channel and the same decoding
functions as in the original broadcast channel can be used to decode each user’s message
with at least the same probability of decoding error. O

In the following, the proof of Theorem 3.2 is extended to any compact and convex set
in the cone of ¢ X t positive semi-definite matrices, S,. The extension makes use of the fact
that each closed and convex set can be expressed as the intersection of all closed half-spaces
containing it [18]. Recall that any closed half-space in S* is expressed by tr(AS) < b for
some matrix A € S! and some real number b. Therefore, any compact and convex set S in
S can be expressed as the intersection of possibly infinite number of sets M,, such that for
each n, M,, has the form given in (42) and contains the set S:

S =M.

Note that since S is bounded, each of the sets M,, can be chosen as a bounded set, although,
they may not be bounded in general.

Now consider a sequence of sets {M,,}>°, such that M, has the form given in (42) and
contains the set S and for each n, the set M,, is obtained from M,,_; by addition of another
half-space that contains S. Therefore, S =, M,, and

M,, CM,, forall m >n and for all n.

The rest of this section is dedicated to prove that Rppc(N,M,) = Cpc(N,M,,). Clearly,
Rppc(NM,,) C Cae(N,M,,), thus, it only remains to show that Cec (N, M,,) € Rppc(NaM,,).
For each m, (), M,, € M,,, therefore, it follows immediately that Cpc(N,M,,) C Cec(Mpn)
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and consequently, Cpc (N, M,,) € ), Cec(M,,). However, from Theorem 3.2 that was proven
for the sets M, earlier in this section, Rppc(M,,) = Cpc(M,,) for all n which yields,

Cre(NnMy) € [ Coe(Ma) = () Ropc(M

In the following it is shown that [, Rppc(M,) = Ropc(NpM,) which establishes the
relation Cpc(N,M,,) € Rppc(N,M,,) and completes the proof.

The “tricky” part in showing the equality (), Rppc(M,) = Rppc(NaM,) is to ver-
ify that ﬂn RDpc(Mn) Q RDpc(ﬂnMn). Verifying the other dil“eCtiOIl, RDpc<ﬂnMn) Q
N,, Ropc(M,,), is straight forward. First, for any compact and convex set M € S, let the
set Rppc(M) denote the set of all rate-tuples in Rppe (M) that are achievable by only DPC
scheme without any time-sharing, i.e.,

kDPC(M> = U F(m, {Hy}, {Sk}) (45)

7,{Sk}:S%>=0 Vk, >k SLEM

Clearly, Rppc(M) = conv(Rppc(M)). Now, consider a rate-tuple R® € (| Rppc(M,,).
R? must belong to all the sets ﬁDPC(Mn) and since each one only contains the rate-tuples
achievable by the DPC scheme, for each n, there must exist a permutation 7™ on {1,..., K}
and a set of covariance matrices (ST, S%, ..., S%) € (SZ_)K such that Z,i(:l Sre M, and
these covariance matrices achieve the point R° by successive encoding scheme with the order
specified by 7™. Given that there are only a finite number of possible permutations on

{1,..., K}, there must exist a permutation 7° and an infinite sub-sequence of permutations,
w1 that are all equal to 7°. On the other hand, for each n, M,, € M; and each set of
=1
the covariance matrices (S7,S7,...,S%) belongs to the set K defined as below:

K
K= {(51,32,...,5[() € (Si)K ZS’k GMl}.
k=1

On the vector space (S')¥, define a norm ||(S, Sy, ..., Sk)|| = maxy, ||Sk||, where the norm
on the right-hand side is the same norm on S* considered earlier in this section. Since M, is
a compact set, I is also a compact subset of (Sﬁr)K under this norm. Therefore, the infinite

sub-sequence {(S7%, S5, ..., S¥)}%, must have an infinite sub-sequence that converges to a
limiting point (S ° 0 .. S" %) € K, where n;, i = 1, 2, ... are the same indexes for which
=" =" =. Slnce M DMyD--- DM, D---, and for each n, Ele Sp e M,

it is not hard to show that for the hmltlng point (5¢,58,...,5%), S5, 52 € N, M.
Furthermore, in [18], it is shown that the function log |I + X| is continuous for X € ST,
with any norm on the space of symmetric matrices. As a result, the DPC achievable rates

ani

obtained by the covariance matrices (577, S5, ..., S}) and the encoding order 7°,

‘H o(k) <Z]>k Sm > (k)+[r

;)To(ki) lOg k: 1,...7K, (46)
[ Heotty (00 2505 ) Hogyy + 1o
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converge to the corresponding rate terms for (59,59, ...,5%) and 7° as the covariance matri-

ces (57,557, . .., 5} ) converge to (57,55, ..., 5%). Recall that the rates on the left-hand side
of the expressions in (46) are equal to R since (S, 557, ..., 5% ) and 7° achieve R°. Conse-

quently, R is achievable by (59,59, ...,5%) with the order 7° and since Zle Se e N, Ma,
R? lies in the set Rppc(N,M,,).

So far, it was shown that (), ﬁDpc(Mn) C ﬁDpc(ﬂnMn). Therefore, the convex-hull of
the set [, Rppc(M,,) is also a subset of the convex-hull of the set Rppc(N,M,,) which is

equal to Rppc (N, M,,). The following lemma shows (1), Rppc(M,,) = conv <ﬂn ﬁDPC(Mn))
which in effect proves that (1), Rppc(M.,) € Rppc(NnM,,).

Lemma 3.7 Let the decreasing sets Ay 2 Ay O --- D .Afb D --- be compact and connected
subsets of the d-dimensional Fuclidean subspace and let A, be the convex-hull of the set A,,.

Then, it can be shown that
ﬂfln = conv <ﬂ An) )

This Lemma is proven in Appendix C.
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4 Summary

In this paper, the capacity region of the Gaussian MIMO BC was considered. The DPC
achievable rate region for this class of broadcast channels was reviewed. By introducing the
dual MAC of a Gaussian MIMO BC and using the MAC-BC duality result, the DPC region
was represented alternatively as the capacity region of the dual MAC under sum power
constraint. It was shown that the dual representation of the DPC region has several key
advantages over the original representation that can be exploited to characterized this region
more efficiently. Using the convex optimization techniques, each point on the boundary
surface of the DPC region was characterized as the solution to a convex optimization problem.

After characterizing the DPC region, it was proven that this region is the capacity region
of the Gaussian MIMO BC under ordinary total average power constraint. In the converse
proof, several ideas from the previous works were combined with the duality theory to prove
that each point on the boundary of the DPC region lies on the boundary of the capacity
region. Finally, by using a more comprehensive notion of MAC-BC duality, the optimality of
the DPC scheme was proven under any general convex constraint on the transmit covariance
matrix.
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A Proof of Proposition 2.1

In this appendix, it is shown that the capacity region of the dual MAC under sum power

constraint, CYNe(P), as given in (9), is convex.

Proof: Assume the rate-tuples R, R belong to C§i4%(P). Hence, there must exist two
sets of positive semi-definite covariance matrices {S ’(€1)} and {S ,532)} such that >, tr(S,(j)) <P
and R® e G({HF},{S"}) for i = 1,2. For any given o € [0,1] and any J C {1,..., K},
the following inequalities can be obtained:

> (e +arf) < > log

keJ

ST HISVH, + 1,
keJ

STHISPHL + 1,
keJ

—|—g10
5 g

S H! (@s,g” + @S,(f)) Hy+ 1,
keJ

< - I
(0)

Y

where @ = 1 —q, the first inequality follows from definition of the set G({ H}'},{Sx}) and the
second one is from concavity of the log|.| function. As a result, the rate-tuple «R™ + aR?)

belongs to the set G({H!'}, {aS,gl) —I—dS,(f)}). Since for the given o, ), tr(aS,gl) +d5,£2)) <P

holds as well, the set of covariance matrices {«a.S ,il) + 075]&2)} satisfies the power constraint

and the region CJiAt(P) is convex. O

35



B Proof of Lemma 3.1

In this appendix, Lemma 3.1 is proven for the general K-user case. It is shown that the

point R* as given by Lemma 2.3 maximizes Zszl wp Ry over the DPC region of DBC(u),

denoted by RBES (P)

Proof: By means of duality, optimization can be performed over the capacity region of the
dual MAC of DBC(p) under sum power constraint P. Recall that the MAC-BC duality
considered in Section 2.1 applies to channels with spatially white Gaussian noises. Let
Q;l/Q be the symmetric square root matrix of the inverse of Qy, i.e., Q. 12 = (Q, 1/2) and

_1/2Qk V2 = Q;', k=1,...,K. The noise at receiver k of DBC(u) can be whitened by
multiplying the channel output Y by Q;l/ ®. This process results in an equivalent broadcast

channel with channel matrix Q,;l/ ? and receiver’s white Gaussian noise z; with covariance
matrix I; for user k. Note that this transformation whitens the noises and does not affect
the capacity region nor the DPC region of DBC(u). Therefore, the dual MAC of DBC(u)
has channel matrices Q,:l/ ? for user k and white Gaussian noise z with covariance matrix I t
and is given by,

K

y=> Q' xi+z (47)

k=1

Figure 6 depicts DBC () together with its dual MAC for K = 2 users. By duality, the DPC
region of DBC(u) is equal to the capacity region of its dual MAC given in (47) under sum
power constraint P. Hence, the weighted sum rate maximization can be performed over the
capacity region of this dual MAC. Let I'y denote the transmit covariance matrix of user k in
this dual channel for £ = 1,..., K. For a given set of covariance matrices {I'y} and for all
permutations o;, i = 1,...,(m+1)!, on the set Z = {I,...,l+m}, define the rate-tuple R
as,

~ ‘23 e Q /2. Q7 1/2+]t
Ry = 1 ke{l,... KY\T,

‘Z] k1 Q_I/QF Q_1/2 + Iy

12’*’” Qe Tord@ay + tamn Q1,05 4 1
R = kel

I+m —1/2 —1/2 —1/2 —1/2
‘Ej =k+1 Qai(j)FUi(j)Qai(j) + Zj:l+m+1 Q; QT+ L

Also let 0 be the identity permutation, i.e., o1(k) = k for all k € Z. Following the
same argument given in the proof of Lemma 2.3, for the case 0 < pu; < ... < ug, R
maximizes Zszl Ry over the DPC region of DBC(p) for transmit covariance matrices I'},
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Zy ~ N(O, Ql)

7z ~ N(O, It)
~1/2
— I, Y1 x; — ()
Zy ~ N(07 Q?)
X — y
— ] y2 Xg ——® 2_1/2

(a) (b)

Figure 6: Degraded Gaussian MIMO BC DBC(p) in (a) and its dual multiple access channel
in (b).

k=1,..., K, that are the optimal solutions to the following optimization problem:
K | K
. -1 _
Maximize Z(uk - Mk—1)§ log Z Q; /ZFJQJ- V2o (48)
k=1 j=k

K
Subject to Ztr(Fk) <P,
k=1

I,=0 k=1,... K.

This optimization problem is exactly the same as the one given in (12) except the channel

,;1/2. Hence, the optimal

matrices H} of (6) are replaced by the channel matrices of (47),
solution must satisfy the KKT conditions of Lemma 2.3 with H} replaced by Q,:l/ ? and any
solution that satisfies these KKT conditions is optimal. Let v and ¥y for k = 1,..., K be
the dual variables associated with the sum power and the positive semi-definite constraints

for the optimization problem (48). Set v* = A*, ¥; = 0 for all k£ and
I = QY HI SrH,.Q,” k=1,... K, (49)

where S} and A\* are the primal and the dual optimal solutions of (12). In the following, it is
shown that this specific choice of the primal and dual variables satisfies the KKT conditions
for the optimization problem in (48) and hence is optimal. Clearly I'; = 0 for all k£ and
~* > 0. Also note that,

K

K K K
1
tr(I'7) = tr(H,QpHES?) = tr(]r——(b* S*) = tr(S;) = P,
>ty = S r(rut] ) = 3o (1 = 0005 ) = S s

k=1

where the second equality follows from the optimality conditions given in (15) and definition
of Q. while the third equality follows from the complementary slackness conditions in (16).
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Hence, I';, ¥y for k =1,..., K and v* as defined are feasible and satisfy the complementary
slackness conditions, i.e., tr(I'; U}) = 0 for all k. It only remains to show that the derivatives
of the Lagrangian with respect to I'y, k = 1,..., K, are equal to zero at these given values.
In other words, they satisfy the equation (15) counterparts for the MAC in (47):

k K -
— ]- — * - - * *
Qy 2 E (1j — /ﬁjfl)i (E Q; 1/2Fi Q; 2 + It) Q. 12 TV =71 =0,
i=j

J=1

for k = 1,..., K. These equations are obtained from equations (15) by replacing H} with

,;1/ 2, Using the definition of )k, it is not hard to show that the chosen values for I'},
Uy and ~* satisfy these equations and are optimal. By substituting the optimal I'} from
(49) in the expression for f{‘”, the expression for the optimal rate-tuple R* given in (11)
is obtained. Therefore, R* is on the boundary of the DPC region of DBC(). Similarly,
for the case 0 < py < -+ < p = -+ = fgm < --- < g, each point on the convex-
hull of the vertices R%, i = 1,..., (m 4+ 1)!, maximizes Zszl i Ry, over the DPC region of

DBC(p) for the optimal transmit covariance matrices I'; that are obtained from (48). By the

same arguments used for R?!, it can be shown that the boundary point R% of Rggg(” )(P)

coincides with the vertex R of Rppc(P) given in (17)-(18) fori = 1,..., (m+1)!. Therefore,
the convex-hull of these vertices are the same and the DPC regions of the original channel

and DBC(u) both have this surface in common. Recall that the same weights pu1, ..., g
are used to find the boundary point or surface of both RBES(“’ )(P) and Rppc(P), hence,

the two boundaries are tangent at this boundary point or surface. O
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C Proof of Lemma 3.7

In this appendix, it is shown that for the decreasing, compact and connected subsets of the
d-dimensional Euclidean subspace, A1 D A3 D --- D A, D ---,

Oﬂn = conv (ﬂ An> :

where A,, denotes the convex-hull of the set A,,.

Proof: 1Tt is easy to show that conv (), A,) € ), A.. In the following, it is proven that,
N, An C conv (), A,). Consider a point p € ), A,. From the Carathéodory theorem [17],
the point p in the convex-hull of the connected and compact set A, can be represented as
a convex combination of at most d points in the set A,,. Therefore, for each n, there exist
d points by, by, ..., b} € A, and a vector a™ = (af,...,a}) € R% such that Zle al =1
and p = Y% a?b?. Note that some of the o may be zero. Since for each n, A, C A,
(b7, b%,...,b"%) € A4 and they form an infinite sequence in the compact set A9. Hence,
there exists a sub-sequence {(b}*, b3’ ... b}")}>2, that converges to a point (b{,b3,...,b)
and obviously each of the points by must be in the set () A, for i = 1,...,d. Recall
that the vectors a” also forms an infinite sequence in the compact set [0,1]¢. Therefore,
the sub-sequence a™ for indexes n;, ¢ = 1,2,..., as specified before, has a sub-sequence

that converges to a limiting point a® € [0,1]%. Since for each n;, ijl o' =1 and p =
Z;l:l aj'b}, these equalities must hold for the limiting points as well, i.e.,
d
Sa=,
j=1
d
p=)_ajb]
j=1
Hence, p lies in the convex-hull of the set (), A,. O
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