
���������
	��
����� ��� ������������	�������� �!��� " ���$#%�

&('*),+�-�.�/0+21�'43 57698;:=<>-�)?.
&(@BAC/*@B)?)?.�/D@EA;F�)?:B1�.�-G8H),@9-

&757&JICKMLONQPSR(T�/D@9-U),.WVX<E1�.�-�)?.WIOYCYCZ

[]\_^a`b`dcfehgaikjml,^nlpoqjml�rs`ut�v*cwj�x

y,z�{u|s}•~uz�€]•‚}ƒzp„†…_zˆ‡]{Š‰U‹%y?‰m}•Œ

Ž?• •b‘“’b•9’b•D”a•B–˜—š™9™›•*”_œ•’Oœd—Mža’˜Ÿ •u¡š•D• ¢¤£n–D’˜••¥¦•˜•“£_¥

§�¨�©«ª­¬¯®E° ±

19²

³›´Gµ«¶ ·m¸Dµ•¹hº¼»_¸D¶¾½h·À¿UÁÃÂ�»aºD¸wÄÆÅÇ½hºwÈ‚ÉGÊ•»4¶¾Ä

Z b

a
udv = uv jba ¡

Z b

a
vdu :

ËBÄD¶¾·G¹Ì¸D´GµÍ´G¶¾·Î¸ƒÏ]Ð9µ•Ê¾µš¸

u(y) = ¡ y¡ 1 »a·�Ñ

v(y) = exp
©

¡ 1
2 y2

ª
Ï]»h·�ÑpÒš½hºwºwµ•ÄDÂ�½h·�Ñ�¶¾·G¹hÊ¾Á

du = y¡ 2dy
»h·�Ñ

dv =
¡ y exp

©
¡ 1

2 y2
ª

dy ÓOÔ

µ¯·�Ò¯µhÏ

Q(x) =
Z 1

x

µ
1
y

¶
ye¡ 1

2 y2
dy = ¡

1

y
p

2¼
e¡ 1

2 y2

¯
¯
¯
¯

1

x

¡
1

p
2¼

Z 1

x

µ
1
y2

¶
e¡ 1

2 y2
dy

=
1

x
p

2¼
e¡ 1

2 x 2
¡

1
p

2¼

Z 1

x

µ
1
y2

¶
e¡ 1

2 y2
dy ;

ÅÇ½hº

x ¸ 0 ÓÖÕ

¶¾·�Ò¯µ

y¡ 2 exp
©

¡ 1
2 y2

ª
¶•Ä4Â�½mÄ*¶ ¸D¶¾×hµÀµ•×hµ¯ºwÁUÐ>´Gµ¯ºwµhÏ�¸w´Gµ­¸Dµ¯ºwÈØ¿�µ¯¶¾·G¹pÄ*ÉG¿G¸Dº¼»hÒ“¸wµ•ÑX½h·X¸D´GµÌºD¶¾¹Î´Î¸Ù¶¾ÄÙ»hÊ¾ÄD½

Â�½ÎÄD¶ ¸D¶¾×hµ

Ó

³›´G¶•Ä>¹h¶¾×hµ•Ä›½hÉGº>¿�½hÉ�·�Ñ

Ó

§�¨�©«ª­¬¯®E° Ú

Ô

µ•ºDµ†¶•Ä>½h·Gµ†ÈÙµš¸w´G½�Ñ­Ð>´G¶¾Ò¼´­Û�·�ÑGÄ›¸w´Gµ«Ê ½_Ð9µ¯ºEÑ�µ•¹hºwµ¯µÜ¸wµ¯ºwÈÙÄ>½aÅs¸w´Gµ«Â�»_¸w´­Ð9µ•¶ ¹Î´Î¸>µ•·mÉGÈÙµ•ºw»a¸D½hº

Ó

ÝkÞ_ß“à•á_âBãMá_â ä¯å�â á_æfçuÞ_èWÞ*é‚ê>áaædëíì4î¯çðïƒë�æEñÆè�å�à•î¯ßDá_æ˜Þaß

ÓÃò

µƒÒ¯»aÊ¾ÊO¸D´�»a¸«ÅÇ½hº‚»a·UÁóÐÆµ¯¶¾¹h´Î¸wµ•ÑpÑ�¶¾ºDµƒÒ“¸DµƒÑ7¹Îºw»hÂG´?Ï,Ð9µÍÒ¯»a·

Ñ�µ¯Û�·GµÙ»Ã¸Dº¼»a·�Ä*ÅÇµ¯º=È•»_¸wºD¶ ô

T
Ð>´G¶•Òw´7¶•Ä

M £ M
Ï?Ð>´Gµ¯ºwµ

M
¶•ÄÜ¸D´�µ4·mÉGÈ‚¿�µ•º†½aÅ9·G½�Ñ�µƒÄ

Ó‚õ

Ä†»h·öµ¯ô�»hÈÙÂGÊ µÎÏ2¸D´GµÙ¹hº¼»aÂG´

¹h¶¾×hµ¯·p¶ ·÷ÒšÊ•»hÄwÄ•øuÄD´G½nÐ>·p¿�µ¯Ê¾½_ÐBù†»hÄ†¸D´Gµ•ÅÇ½hÊ¾Ê ½_Ð>¶ ·�¹­¸Dº¼»a·�Ä*ÅÇµ¯ºúÈÙ»a¸Dºw¶ðô

T
ÏsÐ>´Gµ¯ºwµ

[T ]i;j
µƒûÎÉˆ»aÊ•Ä=¸D´�µ•½h·�µšübÄ0¸wµ¯Â7¸wºw»h·�Ä0ÅÇµ•º

ÅÇÉG·�Òš¸D¶¾½h·­ÅÇºw½hÈý·G½�Ñ�µ

i ! j Ó

u
v

z

w

1

2 3

4

T =

2

6
6
4

0 u 0 0
0 0 v 0
0 z 0 w
0 0 0 0

3

7
7
5

þ



ÿ µúÒ¯»h·­Ò•»aÊ•ÒšÉGÊ•»_¸wµÜ¸w´Gµ

N
ü˜Ä*¸Dµ¯ÂÀ¸wºw»h·�Ä*ÅÇµ¯º›È•»a¸Dºw¶ðôÍÅÇ½Îº›¸D´G¶•Ä>¹hº¼»aÂG´À¿mÁÃº¼»a¶•Ä*¶¾·G¹

T N
ÓCÕ

½ˆÏ�¶ðÅ�Ð9µ«ÐÆ»a·m¸Dµ•ÑÀ¸D½•Òš½ÎÉG·Î¸B»aÊ¾Ê

ÅÇÉG·�ÑG»hÈÙµ¯·Î¸¼»aÊ?Âˆ»_¸D´ˆÄÆÅÇºw½hÈ

i ! j
ÏGÐÆµ«Ò¯»h·

�

É�Ä0¸Bµ¯×_»hÊ Éˆ»_¸Dµ

Ti ! j = [T ]i;j + [T 2]i;j + [T 3]i;j + : : :

= [T + T 2 + T 3 + : : : ]i;j
= [T (I ¡ T )¡ 1]i;j :

³›´G¶•Ä�¶•ÄOµ•ûmÉG¶¾×_»aÊ¾µ¯·m¸�¸D½†¸D´Gµ>¹Îºw»hÂG´kºwµ•Ñ�É�Òš¸D¶¾½h·k¸DµƒÒw´�·G¶¾ûmÉGµ>ÂGºwµ•ÄDµ¯·m¸DµƒÑk¶ ·•ÒšÊ•»hÄwÄ

Ó��

½hºO½hÉ�ºOµšôG»aÈÙÂGÊ¾µhÏhÐ9µÆÛ�·ˆÑÌøÇ×U¶¾»��ó»_¸wÊ¾»h¿ˆù

T (I ¡ T )¡ 1 =
1

1 ¡ vz

2

6
6
6
4

u uv uvw
vz v vw

Ó

Ó

Ó z vz vwz + w(1 ¡ vz)
0 ¢¢¢

3

7
7
7
5

»a·ˆÑÀ´Gµ¯·�Ò¯µ

T1! 4 = u(1 ¡ vz)¡ 1vw
Ï�»hÄ›ÐÆ»hÄ>ÄD´G½_Ð>·À¶¾·(ÒšÊ•»hÄwÄ

Ó

��ß“å�è2äwáaæ˜î��Àê>á_æÇë�ì4î¯çðïƒë�æ>ñÆèˆå�à•îšßDá_æbÞ_ß

ÓÃÕ

ÉGÂ�Â�½ÎÄDµÙÐ9µ

�

É�Ä*¸úÐÆ»h·Î¸«¸D´GµÙÛ�º¼Ä0¸«ÅÇµ¯Ðq¸wµ¯ºwÈ•Ä†½aÅ

Ti ! j
Ï,¶

Ó

µ

Ó

Ïs»aÊ¾Ê�¸w´GµÙ¸Dµ•ºDÈ•Ä

Ð>¶ ¸D´

v
É�ÂÌ¸w½ÃÄD½hÈÙµúÂ�½_Ð9µ¯º

vm ¡ 1 øu¶ ·�Ò¯Ê ÉˆÑ�¶ ·�¹

v0 = 1
ù

ÓEÔ

µ¯ºwµú¶•ÄÜ»a·ó»aÂ�ÂGºD½m»hÒ¼´­Ð>´�¶¾Ò¼´ó¶¾ÄB´�»h·�Ñ�Á­Ð>´Gµ¯·(¸D´�µ‚È•»_¸Dºw¶•Òšµ•Ä

»aºwµ=ÈÙ½�Ñ�µ•ºw»a¸Dµ•Ê ÁÍ¿G¶ ¹

Ó

�

¶¾ºwÄ*¸•ÏGÊ¾µš¸

Rm [p(v)]
¿�µ†¸D´�µ«ºDµ•ÈÙ»h¶ ·ˆÑ�µ¯º>½aÅ]Â�½ÎÊ ÁU·G½ÎÈ4¶•»aÊ

p(v)
Ð>´Gµ¯·(Ñ�¶ ×U¶•Ñ�µ•Ñ­¿UÁ

vm
Ó	�

½ÎºDÈ•»aÊ¾Ê¾ÁhÏU¸D´G¶•ÄEÄDµš¸wÄ›¸D½�
¯µ¯ºw½

»a·UÁ•¸wµ¯ºDÈýÐ>¶ ¸D´

v
übÑ�µ¯¹ÎºDµ•µ

¸ m Ó
�

¸BÄ*½Ù´�»aÂ�Â�µ¯·�Ä›¸D´�»a¸

Rm [Ti ! j ] = [Rm [T ] + Rm [T 2] + : : : ]i;j
Ð>´G¶•Òw´7¶¾Ä†»a·�»hÊ ½Î¹h½hÉ�Ä>¸w½­»ÍÂ�ºD½ÎÂ�µ¯ºD¸bÁÀÅÇ½Îº=¶ ·m¸Dµ¯¹Îµ¯º¼Ä

Ó

�ó½hºwµ‚¶ ÈÙÂ�½Îº*¸¼»a·Î¸wÊ ÁÎÏ2¶ðÅC¸D´Gµ4¹hº¼»aÂ�´ó»hÊ Ð›»ƒÁ�ÄÜ»hÒ•ÒšÉGÈ‚ÉGÊ•»_¸wµ•Ä=»ÍÂ�½_Ð9µ•º

½aÅ

v
µ•×hµ¯ºwÁÃ¸D¶¾ÈÙµ‚¶ ¸ÜÈ•»��hµ•ÄB»ÍÊ ½U½ÎÂ?Ï�¸D´�µ¯·óµ•×hµ¯·Î¸wÉ�»aÊ¾Ê¾Á­Ð9µ‚Ð>¶ Ê¾Ê]»hºDºw¶ ×Îµ«»a¸=»a·

N ¤ Ä*ÉˆÒw´(¸D´ˆ»_¸

Rm [T N ¤
] ´ 0 Ó��

·ó½a¸D´�µ¯º

Ð9½ÎºwÑGÄ•ÏG»a·mÁ

N ¤ ü˜Ä*¸Dµ•Â­Â�»_¸w´­¶¾·­¸D´Gµú¹hº¼»aÂG´ÀÐ>¶¾Ê ÊsÒš½h·m¸Dºw¶ ¿GÉG¸Dµú»

vm ½hº>¹hºwµ•»a¸Dµ¯º«øu¶ ·(Ñ�µ•¹hºwµ¯µnù

Ó
�

»ÎÒ��•¸w½Ù½hÉ�º>µšôG»aÈÙÂGÊ¾µhÏGÐ9µ

ÄDµ¯µ=¸D´ˆ»_¸>ÅÇ½hº

m = 3
Ï�¸w´Gµ��_übÄ0¸wµ¯ÂÃ¸wºw»h·�Ä*ÅÇµ¯º>ÈÙ»a¸Dºw¶ðôÀ´�»hÄ

R3[T 6] ´ 0
Ï�»a·�ÑÃ¸w´mÉ�Ä

T1! 4 = uvw + uzv2w + : : :

ÿ µ=Ò¯»h·Í·G½nÐ�»hÂGÂGÊ¾Ák¸w´G¶¾Ä9¸D½ú¸w´GµB¸Dº¼»a·ˆÄ0ÅÇµ•ºCÈ•»_¸wºD¶ ô4ÅÇ½hº9¸D´Gµ��

õÜÕ�õ��

Ê•»a·Gµ¯¸w»hºDÁ

Õ

¸¼»a·�Ñ�»aº¼Ñ•Òš½Î·m×h½ÎÊ ÉG¸D¶¾½h·�»hÊˆÒš½�Ñ�µBÐ>¶ ¸D´

G(D) = [1 + D + D 3 + D 4 + D 6; 1 + D 3 + D 4 + D 5 + D 6] Ó��

Å9Ò¯½hÉGº¼Ä*µÎÏ

T
Ï2Ð>¶¾Ê Ê�·G½h¸=¿�µ4ÄD´G½_Ð>·?Ï2¿GÉ�¸«Ð9µkÐ>¶¾Ê Ê

ÄD´G½nÐ ¸w´GµÃÛ�º¼Ä*¸‚ÅÇµ•Ð ¸wµ¯ºwÈ•Äk½aÅ>¸w´GµÀµ•·mÉGÈÙµ¯º¼»_¸w½hº

T(D ; L; I )
Ð>´G¶•Òw´XÐ9µ•ºDµÃÅÇ½hÉG·�ÑXÉ�Ä*¶¾·G¹��ö»_¸D´�µ¯È•»_¸w¶¾Ò•»XøÇºwµ¯È•»h¶ ·�Ñ�µ•ºwÄ

Ð9µ•ºDµ=¸w»��hµ¯·­Ð

Ó

º

Ó

¸

Ó D m ù

Ó

T(D ; L; I ) = D 10(I L 7 + I 2L 8 + I 3L 9 + I 2L 10 + I 3L 10 +

2I 3L 11 + I 4L 12 + I 5L 13 + I 4L 14 + I 6L 16) + : : :

T(D ; 1; 1) = 11D 10 + 38D 12 + 193D 14 + 1331D 16 + 7275D 18 + : : :
@
@I

T(D ; L; I )

¯
¯
¯
¯
L = I =1

= 36D 10 + 211D 12 + 1404D 14 + 11633D 16 + : : :

�

ºw½hÈ Ò¯Ê¾»ÎÄDÄÜøu»h·�Ñ��öÒ��MÊ¾¶¾µ•Òšµ=Ò¼´�»hÂ�¸Dµ•º �ú´�»a·ˆÑ�½hÉ�¸“ùMÐ9µB´ˆ»ƒ×hµE¸w´GµBÅÇ½hºwÈ‚ÉGÊ•»†ÅÇ½Îº9ÉGÂGÂ�µ•º9¿�½ÎÉG·�Ñ�¶¾·G¹‚¸D´GµÜÂGºw½h¿ˆ»a¿G¶¾Ê ¶ ¸0Á4½aÅ

¿G¶ ¸Eµ¯ºwºw½hºÆÉ�ÄD¶¾·G¹4¸D´Gµ"!]è�çuÞaè$#BÞaå�è%�_Ï

Pb <
1
k

@
@I

T(D ; L; I )

¯
¯
¯
¯
D = ° ;L = I =1

&



Ð>´Gµ•ºDµ

° = e¡ R E b =N 0
ÅÇ½hº>¸w´Gµ

õ

ÿ(')�qÒ¼´�»a·G·Gµ•Ê

Ó �

·Ì¸D´GµkÄ*½ÎÊ ÉG¸D¶¾½h·�Ä›ÅÇ½Îº

�

ºw½h¿GÊ¾µ¯È

Õ

µ¯¸

&

ÏG¸D´Gµ«ÛˆºwÄ*¸>ÅÇµ•Ð ¸wµ¯ºwÈ•Ä>½hÅ]¸D´�¶¾Ä

Â�½hÊ¾ÁU·G½hÈÙ¶•»aÊ?»aºwµ=¹h¶¾×hµ¯·

Ó

Pb < 36° 10 + 211° 12 + 1404° 14 + 11633° 16 + : : :

�

ÅMÒš½ÎÉGºwÄDµhÏˆÄD¶ ·�Ò¯µúÐ9µ‚ÑG½h·+* ¸B´�»n×hµ‚»aÊ¾Ê?¸D´Gµú¸wµ¯ºwÈÙÄ•Ï�¸D´Gµú¸DºwÉG·�Ò•»_¸wµ•ÑÌ¿�½hÉG·ˆÑÌ¶¾ÄB·G½ÍÊ¾½h·G¹Îµ¯ºBÄ0¸wºD¶•Ò“¸wÊ Á­¹hºwµ•»a¸Dµ¯º>¸D´�»h·Ì¸D´Gµ‚¿G¶ ¸

µ¯ºwºw½hºCº¼»_¸wµ

Ó�õ

Ê•Ä*½k·G½h¸DµÜ¸D´�»a¸

° d ¶•Ä9ÉˆÄ*µƒÑÃ»hÄÆ»kÄD¶ ÈÙÂGÊ¾µ=ÉGÂGÂ�µ¯º›¿�½hÉ�·�Ñ•¸w½

Q(
p

2dREb=N0)
ÏGÄ*½kÐ9µ†Ò¯»h·ÍÅdÉ�º*¸w´Gµ¯ºÆ¸D¶¾¹h´m¸Dµ•·

½hÉ�º	,*¿�½hÉG·ˆÑ.-†¿UÁÃÉˆÄ*¶¾·G¹Ù¸w´Gµ

Q
ÅÇÉG·�Ò“¸w¶ ½Î·

ÓÆÔ

½nÐÆµ¯×hµ¯ºƒÏGÐ9µúÒ•»a·G·G½h¸B»aºw¿G¶ ¸Dº¼»aºw¶ Ê¾ÁÍÄDÐ>¶ ¸wÒ¼´­¸D´�µ†¸0Ð9½ÍÐ>´Gµ¯·(¹h¶¾×hµ¯·÷áÍßDáaæŠçuÞ_è2á_â

é¼å�è�ä¯æfçuÞ_è%/

³›´�µ)0¤ßDîwî21‚ç43“æ˜áaè�ä¼î25�376_à�8�æbÞ_æbîÜ¶¾ÄÆ»úÒ¯ÉGºw×hµEÐ>´G¶•Òw´Í¸D´GµÜÂ�µ¯ºDÅÇ½hºwÈ•»a·�Ò¯µEÄD´G½ÎÉGÊ¾ÑÍ»aÂ�ÂGºD½m»hÒ¼´•»hÄDÁUÈÙÂ�¸D½h¸D¶•Ò¯»aÊ¾Ê¾Á

Ó9�

½hº9½hÉGº

Ò¯»ÎÄ*µ‚¶ ¸=¶•Ä

Pb ¼ 36Q(
p

10EbN0) : �

½a¸w´öÒšÉ�ºD×hµƒÄB»hºDµ‚ÂGÊ¾½a¸D¸Dµ•Ñö»h¹Î»h¶ ·�Ä*¸E¸w´Gµ4ÄD¶ È‚ÉGÊ•»_¸w¶ ½Î·óºwµ•Ä*É�Êð¸¼ÄB¶¾·(¸w´Gµ4ÄD½hÊ¾É�¸D¶¾½Î·�ÄEÅÇ½hº

�

ºw½h¿GÊ¾µ¯È

Õ

µ¯¸

&

Ó

õ

ÑGÑ�¶ ¸D¶¾½h·ˆ»aÊ¾Ê ÁÎÏm½h·GµÜÒ¯»h·•ºwÉG·Ã»úÒ¯½hÈÙÂGÉ�¸wµ¯ºÆÄ*µƒ»aº¼Òw´Ù¸D½úÛ�·�ÑÃ»aÊ¾ÊˆÈÙ¶ ·G¶¾È‚ÉGÈ$Ð9µ¯¶¾¹h´m¸ÆÒš½�ÑGµ¯Ð9½hº¼ÑGÄ•ÏÎ»a·ˆÑ4¸w´mÉ�ÄCÛ�·�ÑÃ»aÊ¾Ê�¸D´Gµ

D 10 ¸Dµ•ºDÈ•Ä›¶¾·­¸D´Gµ†¸Dº¼»a·ˆÄ0ÅÇµ•ºÆÅÇÉG·�Òš¸D¶¾½h·

Ó

³›´Gµ•·­½h·�µ«Ò¯»a·ÌÒ•»aÊ•ÒšÉGÊ•»_¸wµÜ¸w´Gµ†ÅÇºDµ•µ«Ñ�¶•Ä0¸¼»a·�Ò¯µ«»hÄDÁUÈÙÂ�¸D½h¸Dµ

Ó

§�¨�©«ª­¬¯®E° :

19²

;,»h¿�µ¯Ês¸D´�µ‚¸w½hÂóÅÇ½hÉ�º=·G½�Ñ�µƒÄEÅÇºw½hÈ�Ê µ¯Åd¸=¸D½Àºw¶ ¹Î´Î¸=Ð>¶ð¸w´

þ

¸w½=<�Ï¤»a·ˆÑÌ¸w´Gµ4Ê¾»ÎÄ0¸=½Î·Gµ?>

Ó

³›´Gµ‚Û�º¼Ä0¸†Ä*¸Dµ•Âö¶¾ÄÜ¸D½Àºwµ•Ñ�ÉˆÒšµ‚¸D´Gµ

¹hº¼»aÂ�´À¿mÁÃºDµ•ÈÙ½n×U¶¾·G¹4·G½�Ñ�µ�>GÏ�Ð>´G¶•Òw´Ìºwµ•ÄDÉGÊð¸¼Ä›¶ ·(»a·�½a¸D´�µ¯º>Â�»_¸w´ÀÅÇºD½ÎÈ

&

¸w½�@4Ð>¶ ¸D´Ì¹Î»h¶ ·

ef (1 ¡ g)¡ 1
Ó

a b

c + ef(1-g)

d

-1

ËÜÄ*¶¾·G¹•»h·G½a¸w´Gµ¯º>ÂGºw½hÂ�µ¯ºD¸0Á•¹Î¶ ×hµ•·À¶¾·ÌÒ¯Ê¾»ÎÄDÄ•ÏU¸D´Gµ†Û�·�»hÊ?ºDµƒÑ�É�Ò“¸w¶ ½Î·ÀÁU¶¾µ¯Ê•ÑGÄ•Ï

T =
ab(c ¡ cg+ ef )

1 ¡ g ¡ cd+ cdg¡ def
:

A
²

³›´GµÌøÇ½Î·GµšübÄ*¸Dµ¯ÂˆùBÊ¾½U½hÂ7»_¸«Ä*¸w»_¸wµ?BÀ´�»hÄÜ¶¾·GÂGÉG¸«»h·�Ñó½ÎÉ�¸DÂGÉG¸†Ð9µ•¶ ¹Î´Î¸�BGÏ?Ä*½Ã¸w´GµÙÒš½ÎºDºwµ•ÄDÂ�½h·�Ñ�¶¾·G¹ÃÊ¾»h¿�µ¯Ê�¶¾Ä

L Óúõ

ÄÜÅÇ½hº=¸D´Gµ

½a¸w´Gµ¯º>Ê•»a¿�µ•Ê¾Ä•Ï�Ð9µ«´�»ƒ×hµ

@



�9Ñ�¹hµ

Õ

ÁUÈ‚¿�½hÊ ;,»h¿�µ¯Ê

(xk =c0
k c1

k )
�C·mÉGÈÙµ¯º¼»_¸w½hº

»

þDC�þhþ

LI D 2
¿

þDC�þhþ

LI D 2
Ò B

C

B

þ

LD
Ñ B

C

B�B

L
µ

þDC�þ

B

LI D
Å

þDC�þ

B

LI D
¹ B

C

B

þ

LD

Õ

ÉG¿�Ä*¸D¶ ¸DÉ�¸w¶ ½Î·Ì½aÅs¸w´Gµ•ÄDµ†×a»aÊ¾ÉGµ•Ä›¶¾·Î¸w½4¸D´�µ†ÅÇ½hºwÈ‚ÉGÊ¾»kÅÇ½hº>Âˆ»aºD¸úøu»ÎùÆÁU¶ µ•Ê¾Ñ�Ä

T(D ; L; I ) =
L 2I 2D 4(LD ¡ L 2D 2 + L 2I 2D 2)

1 ¡ LD ¡ L 2D + L 3D 2 ¡ L 3I 2D 2 :

+s²

�

Å›Ð9µÙµ¯ôUÂˆ»a·�Ñ

T(D ; L; I )
ÏsÐ9µÙÛ�·�Ñ7¸D´ˆ»_¸«¸D´Gµ•½Î·GÊ¾Áó½h·�µ4¸Dµ¯ºwÈ Ð>¶ ¸D´

D 5 ¶•Ä

L 3I 2D 5
ÓÃÕ

½�Ï?¸D´�µ•È4¶¾·G¶¾È‚ÉGÈ�´�»hÈ4ÈÙ¶¾·G¹

Ð9µ•¶ ¹Î´Î¸>¶¾·GÂGÉ�¸EÅÇ½hºEÒ¯½�Ñ�µ•Ð9½hº¼ÑGÄÆ½aÅ]½ÎÉ�¸DÂGÉ�¸BÐ9µ¯¶¾¹h´m¸

5
¶•Ä

&

ÓE�

·Gµ†½h¿U×U¶ ½ÎÉ�Ä›Ò¼´G½h¶•Òšµ=¸w´Gµ¯·Ì¶•Ä

x(D) = 1 + D 2 ÏGÐ>´G¶•Ò¼´­¹Î¶ ×hµƒÄ

c(D) = [1 + D 2; 1 + D + D 2] Ó

F
²

õ

¹m»a¶¾·?ÏU¸w´GµÍøÇ½Î·GµšübÄ0¸wµ¯ÂˆùÆÊ ½U½ÎÂ­»a¸EÄ*¸w»_¸wµ�B4´�»hÄ>¶ ·GÂ�É�¸B»h·�ÑÀ½hÉ�¸wÂGÉ�¸EÐ9µ•¶ ¹Î´Î¸�BGÏGÄD½4¸D´GµúÒ¯½hºwºDµƒÄ*Â�½h·�Ñ�¶¾·G¹kÊ•»a¿�µ•Ê¤¶•Ä

L Ó

�CÑG¹hµ

Õ

ÁUÈ‚¿�½hÊ ;,»h¿�µ¯Ê

(xk =c0
k c1

k c2
k )

�C·mÉGÈÙµ¯º¼»_¸w½hº

»

þDC�þhþhþ

LI D 3
¿ B

C

B

þhþ

LD 2
Ò B

C

B

þ

B

LD
Ñ

þDC�þ

B�B

LI D
µ

þDC�þhþ

B

LI D 2
Å B

C

B�B

þ

LD
¹

þDC�þ

B

þ

LI D 2

Õ

ÉG¿�Ä*¸D¶ ¸DÉ�¸w¶ ½Î·Ì½aÅs¸w´Gµ•ÄDµ†×a»aÊ¾ÉGµ•Ä›¶¾·Î¸w½4¸D´�µ†ÅÇ½hºwÈ‚ÉGÊ¾»kÅÇ½hº>Âˆ»aºD¸úøu»ÎùÆÁU¶ µ•Ê¾Ñ�Ä

T(D ; L; I ) =
L 3I D 6

1 ¡ LI D 2 ¡ L 2I D 2 :

)�²

�

ÈÙÈÙµ•Ñ�¶•»_¸wµ¯Ê¾ÁhÏ]Ð9µÃÄDµ¯µ•¸D´�»a¸ú¸D´�µ•Û�º¼Ä0¸‚¿G¶ ¸‚¶•ÄúÉG·�Ò¼´Gµ•Ò��hµ•Ñ¤ÏOÄ*½Ì¸w´GµÃÒ¯½�Ñ�µÍ¶¾ÄúÂ�½U½Îº

Ó

³›´G¶•ÄúÐ>¶ Ê¾ÊCºwµ•ÄDÉGÊ ¸ú¶¾·÷»­¸wºDµ•Ê Ê¾¶•Ä«Ð>¶ ¸D´

Â�»hºw»hÊ Ê¾µ¯ÊMµƒÑ�¹hµƒÄ¯Ï�Ä*´�½nÐ>·Q¿�µ¯Ê¾½nÐ

Ó

³›´GµÃµ•Ñ�¹Îµ•Ê•»a¿�µ•Ê¾Ä‚»aºwµ

uj
0uj

1=cj
0cj

1cj
2

Ï�»h·�Ñ ¸D´�µÃÄ*¸w»a¸Dµ•Ä‚»hºDµ

(uj ¡ 1
1 uj ¡ 2

2 ) Ó

* G�*sÈÙµ•»h·�Ä

µ¯¶ ¸D´�µ¯º�Bk½Îº

þ

Ó

<



11

01

10

00

11

01

10

00

X0/X10
X1/X01

X0/X11
X1/X00

X0/X01
X1/X10

X0/X00
X1/X11

§�¨�©«ª­¬¯®E° H

19²

³›´Gµ«ÈÙ½ÎÄ*¸>½h¿U×m¶¾½hÉˆÄÆºwµ•»aÊ¾¶I
•»_¸w¶ ½Î·Ã½hÅs¸D´Gµ«µ•·�Òš½�Ñ�µ•º

G(D) =
·

1 0 1 + D
0 1 D

¸
¶•Ä

0
j

x1
j

c0
j

c1
j

c2
j

x

³›´�¶¾Ä›¸Dº¼»a·�ÄDÊ•»_¸DµƒÄÆ¶¾·Î¸D½Í»?<aübÄ*¸w»_¸wµÜ¸Dºwµ¯Ê¾Ê¾¶¾Ä

ÓOÔ

½nÐ9µ•×hµ¯ºƒÏ�»ÙÄD¶¾È4Â�Ê µ•º>ºDµƒ»aÊ¾¶J
ƒ»_¸w¶ ½Î·Ã¶•Ä›Â�½ÎÄwÄD¶ ¿GÊ¾µ†¿mÁÃ·G½h¸D¶¾·G¹4¸D´ˆ»_¸

c2(D ) = x0(D )(1 + D) + x1(D )D

= D (x0(D ) + x1(D )) + x0(D ):

0
j

x1
j

c0
j

c1
j

c2
j

x

³›´�¶¾Ä>Ê µƒ»hÑGÄÆ¸w½•»

&

ü˜Ä*¸w»a¸DµÜ¸wºDµ•Ê Ê¾¶¾Ä•Ï�Ð>´�¶¾Ò¼´ÌÒ•»a·­È•»K�hµ=¸D´�µ=¸wº¼»a·�Ä*ÅÇµ¯º›ÅÇÉG·�Ò“¸w¶ ½Î·(Ò¯»hÊ¾Ò¯ÉGÊ¾»a¸D¶¾½h·ÀÈ‚É�Ò¼´Ìµ•»ÎÄ*¶¾µ¯º

Ó

>



A ²

10

11/111
00/000 01/010

10/100
01/01100/001

11/110

10/101

0'0

1

D  LI

DL + D  LI

DLI + D  LI

D  LI + DLI

3

2 2

2

2

2

T(D ; L; I ) = D 3LI 2 +
(D 2LI + DLI )(DL + D 2LI 2)

1 ¡ (DLI + D 2LI )

=
D 2L 2I + D 3LI 2 + D 3L 2I + D 3L 2I 3 ¡ D 5L 2I 3

1 ¡ DLI ¡ D 2LI

Õ

µ¯¸*¸D¶¾·G¹

L = I = 1
Ï�ÐÆµ†¹Îµš¸

T(D) =
D 2 + 3D 3 ¡ D 5

1 ¡ D ¡ D 2 = D 2 + O(D 3) ;
ÄD½

df r ee = 2 Ó

+s²

³›´GµÌ¸D´�ºDµ•µ(ÄDÈ•»aÊ¾Ê µƒÄ0¸ÍÒ¯½�Ñ�µ¯ÐÆ½hº¼ÑXÐ9µ¯¶¾¹h´m¸wÄÍ»aºwµ

&

Ï @�ÏÆ»h·�ÑL<ˆÏ9Ð>´G¶•Ò¼´Ö¶•Ä•½h¿G¸w»a¶¾·GµƒÑ
¿mÁXµ•×_»aÊ¾É�»a¸D¶¾·G¹7¸w´Gµ(¶¾·GÂGÉ�¸Düf½ÎÉ�¸DÂGÉG¸

µ¯·UÉGÈÙµ¯º¼»_¸w½hºÆÅÇÉG·�Òš¸D¶¾½h·?Ï

T(D ; 1; 1) = D 2 + 4D 3 + 5D 4 + : : :

�



�

·Ã¸w´Gµ«ûmÉGµ•Ä*¸D¶¾½h·?ÏU¸D´Gµ=¸wµ¯ºwÈM,*È‚ÉGÊ ¸D¶¾ÂGÊ¾¶¾Ò¯¶ð¸w¶ µƒÄN-=ºwµšÅÇµ•ºwÄ9¸D½k¸w´Gµ†·mÉGÈ‚¿�µ•º›½hÅ]Ä*¶¾ÈÙÂGÊ¾µ=µ•ºDºw½hº9µ•×hµ¯·m¸wÄÆ½hÅ,¸D´GµƒÄ*µ†Ð9µ¯¶¾¹h´m¸wÄ•ÏUÐ>´G¶•Ò¼´

Ð9µúÄ*µ•µ†¶¾Ä

þ

ÏO<ˆÏG»h·�Ñ$>

Ó

�

Å�Ð9µ«·G½nÐ µ•×_»aÊ¾É�»_¸wµhÏ

T(D ; I ; 1) = D 2I + D 3(I + 2I 2 + I 3) + D 4(2I 2 + 2I 3 + I 4) + : : :
¶ ¸›¶•Ä›ÒšÊ¾µ•»hºC¸w´�»_¸›¸D´Gµ«Ä*È•»aÊ¾Ê¾µ•Ä*¸Æ¶¾·GÂGÉ�¸>Ð9µ•¶ ¹Î´Î¸¼Ä9Ð>´G¶•Ò¼´À¹hµ•·Gµ¯º¼»_¸wµB½hÉ�¸wÂGÉ�¸¼ÄÆÐ9µ•¶ ¹Î´Î¸¼Ä9½hÅ

&

Ï @�ÏU»h·�Ñ�<Ù»aºwµÜºDµƒÄ*Â�µ•Òš¸D¶¾×hµ¯Ê¾Á

þ

Ï

þ

Ï

»a·ˆÑ

&

Ó
�

ÁÃ¶ ·�ÄDÂ�µ•Òš¸D¶¾½h·­½hÅs¸D´Gµ«¹Îµ¯·Gµ•ºw»a¸D½Îº†øÇ½hº>¹Îºw»hÂG´ˆùšÏUÐ9µ†Û�·�ÑÀ¸w´GµúÒš½hºwºwµ•ÄDÂ�½a·ˆÑ�¶ ·�¹k¶ ·�ÂGÉ�¸BÄDµ•ûmÉGµ•·�ÒšµƒÄQP

x(D) = [0; 1] ! c(D ) = [0; 1; D ]

[1; 0] ! [1; 0; 1 + D]

[0; 1 + D] ! [0; 1 + D; D + D 2]

F ²

³›´Gµ=Òš½UµQR•Ò¯¶ µ•·Î¸¼ÄC½aÅ

T(D ; 1; 1)
ÅÇºw½hÈ

D 2 ¸D½

D 21 »hºDµ�S

þ

ÏT<�ÏO>�ÏVU�Ï

þ

@GÏ

&�þ

ÏV@K<�ÏO>�>GÏ.U���Ï

þ

<T<�Ï

&

@�@�Ï.@.W�W�ÏT�

þ

B�ÏT�TU.WUÏ

þ

>K�.W�Ï

&

>�UK<ˆÏ.<

þ

U

þ

ÏV�VWX�T>GÏ

þ

B��K<.�GÏ

þ

WTW

þÎþXY

Ó

³›´GµúÒšÉGºw×hµ•Ä>»aºwµ†ÄD´G½nÐ>·­¿�µ•Ê ½_Ð

Ó

�

·ˆÒš¶•Ñ�µ¯·Î¸¼»aÊ¾Ê¾ÁhÏ›¸w´Gµ•ÄDµöÒ¯½Uµ�RÍÒš¶¾µ¯·m¸wÄÍÐÆµ¯ºDµó½Î¿�¸w»h¶ ·GµƒÑ ¿mÁ
Û�Ê ¸Dµ¯ºw¶¾·G¹Q¸D´Gµ7ÄDµ•ûmÉGµ•·�Òšµ

f 0; 0; 1; 3; 0; ¡ 1; 0; : : :g
Ð>¶ ¸D´ »a·

»aÊ¾Ê üfÂ�½ÎÊ µÜÛˆÊð¸wµ¯ºE½aÅ�Ñ�µ•·G½hÈÙ¶¾·�»_¸w½hº

P(z) = 1 ¡ z¡ 1 ¡ z¡ 2
Ó

0 1 2 3 4 5 6 7 8 9 10
10

-5

10
-4

10
-3

10
-2

10
-1

Estimates of First-error Probability using 1,2,10 and 20 terms.

SNR per information bit, E
b
/N

0

F
irs

t-
er

ro
r 

P
ro

ba
bi

lit
y,

 P
E

,1

1 
2 

10,20 

BPSK 

§�¨�©«ª­¬¯®E° Z

Ý‚Þaæ˜î\[›çdèÀædë�î73¯î
8�ßDÞT]šâ î¯à^3Eædë�î`_Cß�3“æ]ä¼Þa�hîcbCáX3)dfe%g2gihTj�kmlNdfn%gihDofp]á_èq��bCîÜáaârbCáX6D3=áD3�3“å�àÙî=á^]šâ Þƒä�saâ î¯èmïhædëÀÞ*é

N
/ 5Üât3¯ÞDp

æÇëGî¯ß*î‚ç43‚áÀäwÞaß“ß*î¼ä¯æŠçuÞaè7æ˜ÞÍædë�îu8�ßDÞT]šâ¾îšàv3¯îšæN[

A(W; Z ) =
P N

w=0

P 2N
z=0 Aw;z W w Z z /

W



19²

w

ç x

�

·ÌÒ¯Ê¾»ÎÄDÄ›Ð9µ†ÐÆµ¯ºwµÜ¸w½hÊ•ÑÃ¸w´�»_¸ƒÏ�ÅÇ½hºE»

ò

»a¸Dµšü

þ

»ÎÒ¯Ò¯ÉGÈ‚ÉGÊ•»_¸Dµ«Ò¯½�Ñ�µ«ÄDÂ�µ•Òš¶ Û�µ•Ñ­¿mÁÍ¸D´�µ«¹hµ¯·�µ¯ºw»a¸D½Îº•Ï

G(D) =
1

1 © D
;

¸D´�µ«¶ ·GÂ�É�¸*ü˜½hÉ�¸wÂGÉ�¸BÐ9µ¯¶¾¹h´m¸>µ¯·UÉGÈÙµ¯º¼»_¸w½hºÆÅÇÉG·�Òš¸D¶¾½h·Qø

�i�

ÿy�

�

ùÆÅÇ½hºE»4¿GÊ¾½�Ò��mÊ¾µ¯·�¹a¸D´

N
¸wºDÉG·ˆÒ¯»_¸w¶ ½Î·À¶•Ä

Aacc
w;h =

µ
N ¡ h
bw=2c

¶ µ
h ¡ 1

dw=2e¡ 1

¶
:

Ð>´Gµ•ºDµ

w
Ñ�µ•·G½a¸wµ•ÄÆ¸D´Gµ«¶ ·GÂGÉG¸>ÐÆµ¯¶¾¹h´Î¸E»h·�Ñ

h
¸w´Gµ†½ÎÉ�¸DÂGÉG¸>Ð9µ•¶ ¹Î´Î¸ƒÏG»a·�Ñ

w; h
»aºwµ=·G½a¸>¿�½a¸w´­µ•ûmÉ�»aÊ2¸D½z
¯µ•ºD½Ìø

Aacc
0;0 = 1

ù

Ó

�(½ÎºDµ‚¶ ÈÙÂ�½hºD¸w»h·Î¸wÊ ÁÎÏ�¸w´G¶•ÄÜ¶¾ÄÜµšôG»hÒš¸DÊ¾ÁÀ¸D´Gµk¶¾·GÂGÉ�¸Düfºwµ•Ñ�É�·�ÑG»a·�Ò¯Á­ÐÆµ¯¶¾¹h´Î¸=µ¯·UÉGÈÙµ¯ºw»a¸D½ÎºEÅÇÉG·�Ò“¸w¶ ½Î·
ø

�0ò

ÿy�

�

ùBÅÇ½hºB¸w´Gµ4Òš½�Ñ�µ

Ð9µ«Ð9µ¯ºwµ†¹h¶¾×hµ¯·­¶ ·­¸D´Gµ«Â�ºD½Î¿GÊ µ•È

Ó

Ô

µ¯·�Ò¯µhÏ�ÄD¶ ·ˆÒšµ†É�ÄD¶¾·G¹4¸D´Gµ«¶•Ñ�µ¯·m¸D¶ ¸0ÁÃ¶¾·Î¸wµ¯ºwÊ µƒ»ƒ×hµ•º>Ä*¶¾ÈÙÂGÊ¾ÁÀÑ�ÉGÂGÊ¾¶¾Ò•»_¸DµƒÄÆ¸w´Gµ«Â�»hºD¶ ¸bÁÀÄ*µ•ûmÉGµ•·�ÒšµÎÏ

Aw;z =
½

Aacc
w;z =2 z

µ•×hµ¯·

0
½a¸w´Gµ¯ºwÐ>¶¾ÄDµ

U



ê>áaß“çdæ{6 |šèX82å�æ‚ì4î¯ç¦ïnë�æ ��Þaæ˜áaâ

ì4îšçðïnëUæ B

þ &

@ < > � W U �

þ

B

þhþ þ\& þ

@

þ

<

þ

> B

B

þ

B B B B B B B B B B B B B B B

þ

þ

B B B B B B B B B B B B B B B B B

&

B

þ þ

< B B B B B B B B B B B B B

þ

>

@ B B B B B B B B B B B B B B B B B

< B

þ þ

@

þ

@ WXU B B B B B B B B B B B

þ

BT>

> B B B B B B B B B B B B B B B B B

� B

þ þD& &

<

þ

@

&

���

&�&

B B B B B B B B B B <V>�>

W B B B B B B B B B B B B B B B B B

U B

þ þÎþ

@�@

þ

�.>

þ

�.> <T�.>

þ

�T> @T@�B B B B B B B B

þ

@��.>

� B B B B B B B B B B B B B B B B B

þ

B B

þ þ

B <TB

þ

UTB

&

WKB W

&

B <.U�B U�<TB

&�þ

B

&

>

&

B B B B B @TB�BT@

þhþ

B B B B B B B B B B B B B B B B B

þ\&

B

þ

� <.>

þ

UTB @��TB UK<.B U�<TB

þD&

�TB ��@TB ��@TB

þ\&

� UK< B B B >�B�B.>

þ

@ B B B B B B B B B B B B B B B B B

þ

< B

þ

U <TU

þ

�TU <

&

B UK<.B

þhþD&

B

þ

<TBTB

þ

BT>KB UK<.B @�@T�

þ

�TU

&

U U B ��<T@.>

þ

> B B B B B B B B B B B B B B B B B

þ

� B

þ

W <T�

þ

<OW <�<

þ

WX@.>

þ\&T&

>

þD&�&

>

þD&�&

> WX@.> <�<

þ þ

<OW <T� W

þ

��<T@.>

þ

W B B B B B B B B B B B B B B B B B

þ

U B

þ

� <TU

þ\&

B <

&

B >K�TB

þhþD&

B U�<TB

þ

BT>KB <

&

B @�@T� >K�

&

U B B >�B�B.>

þ

� B B B B B B B B B B B B B B B B B

&

B B

þ

> <.> ��B @��TB @��TB U�<TB <

&

B ��@TB

þ\&

�

þ\&

� B B B B @TB�BT@

&�þ

B B B B B B B B B B B B B B B B B

&�&

B

þ

< <TB ��B

&

WKB

þ

UTB <.U�B

þD&

B

&�þ

B B B B B B B

þ

@��.>

&

@ B B B B B B B B B B B B B B B B B

&

< B

þ

@ @�@ @�@

þ

�.> >�>

þ

�T> B B B B B B B B <V>�>

&

> B B B B B B B B B B B B B B B B B

&

� B

þ & &

<

þ\&

��� B B B B B B B B B B

þ

BT>

&

W B B B B B B B B B B B B B B B B B

&

U B

þ þ þ

@ B B B B B B B B B B B B

þ

>

&

� B B B B B B B B B B B B B B B B B

@�B B

þ

B B B B B B B B B B B B B B

þ

w

çdç x

�

½hºÆ¸w´Gµ�}Ü¿�µ•ºD¹4¶ ·m¸Dµ•ºDÊ¾µ•»n×hµ¯ºƒÏU¶ð¸>¸DÉGºw·�Ä›½ÎÉ�¸›¸D´ˆ»_¸›¸w´Gµ«ÄD¶¾È4Â�Ê µƒÄ0¸EÄD½hÊ¾É�¸w¶ ½Î·À¶•Ä>»k¿GºwÉ�¸wµ=ÅÇ½hº¼Òšµ†ÄDµ•»hºwÒ¼´?ÏU¶

Ó

µ

Ó

ÏGÐ9µ†µ¯·ˆÒš½�Ñ�µ

»aÊ¾Ê

215 Â�½ÎÄwÄ*¶¾¿GÊ¾µ=¿�¶ ·�»hºDÁÃÄDµ•ûmÉGµ•·�ÒšµƒÄ¯ÏG»a·ˆÑÃ¸D´Gµ•·­¸w»aÊ¾Ê¾ÁÍÉGÂ­¸w´Gµ«¶ ·GÂ�É�¸B»h·�ÑÀºwµ•Ñ�ÉG·�Ñ�»a·�ÒšÁÃÐ9µ¯¶¾¹h´m¸wÄ

Ó
~

µ¯Â�µ¯·ˆÑ�¶ ·�¹•½h·À¸D´Gµ

Òš½ÎÈÙÂGÊ µ¯ô�¶ð¸0ÁÍ½hÅs¸D´GµúÒ¼´G½ÎÄDµ¯·­¶¾·Î¸Dµ•ºDÊ¾µ•»n×hµ¯º›¶¾·ÌÂ�»aºD¸

w

çdç•ç x_Ï�¸D´G¶•ÄEÄD½hÊ¾É�¸D¶¾½h·­È•»ƒÁÀ»aÊ•Ä*½4¿�µ«ÈÙ½hºwµÜÅu»n×h½hº¼»a¿GÊ¾µÜ¸D´Gµ¯ºwµ«»ÎÄ›Ð9µ¯Ê¾Ê

Ó

�

·�Ò¯¶¾Ñ�µ•·Î¸¼»aÊ¾Ê ÁÎÏ�ÐÆµ=ÅÇ½hÊ¾Ê¾½nÐ ¸D´GµúÒ¯½h·U×hµ¯·Î¸w¶ ½Î·ÀÐ>´Gµ•ºDµÎÏ�¶ Å

u
¶•ÄÆ¸w´Gµ«¶ ·�ÂGÉ�¸B»h·�Ñ

u0 ¶•ÄÆ¸w´Gµ«Â�µ¯ºwÈ‚É�¸DµƒÑÀ¶¾·GÂGÉ�¸ƒÏ�¸w´Gµ¯·­ÅÇ½Îº›¸D´Gµ

}Ü¿�µ¯ºw¹4¶ ·m¸Dµ•ºDÊ¾µ•»n×hµ¯ºƒÏ

u0
1 = u6

Ï

u0
2 = u2

Ï

u0
3 = u13

ÏGµ¯¸wÒ

Ó

�



ê>áaß“çdæ{6 |“èK8�å�æ‚ì4î¯çðïƒë�æ ��Þ_æbá_ât3

ì4îšçðïnëUæ B

þ &

@ < > � W U �

þ

B

þÎþ þ\& þ

@

þ

<

þ

> B

B

þ

B B B B B B B B B B B B B B B

þ

þ

B B B B B B B B B B B B B B B B B

&

B B

&

B B B B B B B B B B B B B

&

@ B B

&

B B B B B B B B B B B B B

&

< B B > B < B B B B B B B B B B B �

> B B �

þ þ

> B B B B B B B B B B B

&

>

� B B

þ

B

þ &

U

þ

U B B B B B B B B B <TU

W B B B W <T� U >X< B B B B B B B B B

þÎþ

>

U B

þ

� W WD<

þ

>

þ

BT� �

þ

B B B B B B B B

&

@

þ

� B

&

W

þ

U ��� <

þ &

BT�

þ

� �.> B B B B B B B <.��B

þ

B B

þ

<

þ

�

þ\&

> U

&

@�@T@ WKU

&

@�� �

&

B B B B B B �TB.W

þhþ

B B �

&

>

þ

<OW

þ

@T� <T�T�

þ

�T@ <.��� >�@ �T� B B B B B

þ

>K��<

þ\&

B

& þÎþ

@

& þhþ

>

þ

U.> >TW�> @.WX< W�>

þ þ

�.W

&

WXB

þ

@

þ

� B B B

&

>

þ

<

þ

@ B B � @

& þ

@.>

&

<OW ��@

þ

>X<.� �TB�@ @.>KU <.�

&

�.> ��U B B B @�<TUT�

þ

< B @ � <

þ þ

@T@

&

�TB ��@VW WXBT�

þ

BT>�B �

&

< �T@�@

þ

<TU

þ

B�� W � B <.@��T�

þ

> B B � @

& þhþ

W @�@�< ��BT@ UT>�B

þ

B

&T&

U

&

� �

þ\&

@

þhþ þÎþ

�

&

> < B <.U��

þ

þ

� B

þ

> @�B

þ

BT@ @K<V> >KB

&

��@T� UT@

þ

�TB�� <

&

� @

&�þ

��� <T< >

þ

<V>�>�U

þ

W B B @ <TB WK> @�@.> @��

þ

U��

þ

>

&

W U.>TW

&

���

&

�T> <TB

þ

� B B @T�.WK�

þ

U B B > @�U >X<

&

WKB

&�&

W W

þ

U @

&

W �

þ

�

þ

B��

þ

>KU W

þ

B B B

&

>K@T�

þ

� B B

&

@.W >

þ &

<.@

þ

<.� >

þ

>

þ

<�< @T�T> <T< �T@ B B B B

þ

�

þ

@

&

B B B

þ &

<

þ

�

þ

W

þ

��@ @��TU >��

þ

>X< >

&Gþ

B B B B �

þ\&

&�þ

B B B

þ

B

þ

�

þ\&

� @

þ þ

UT@

þÎþ

<.� B B B B B B <

&

�

&�&

B

þ

B @�B U UK<

þ

@ W�> B

þ

U B B B B B B

&T&

�

&

@ B

þ

B

þ

� @ >

þ þ &

U B B B B B B B B

þ

B�B

&

< B

þ

B U

þ &

B B B B B B B B B B B @�B

&

> B

þ

B > B

þ

@ B B B B B B B B B B

þ

�

&

� B B B < B B B B B B B B B B B B <

&

W B B B

þ

B B B B B B B B B B B B

þ

&

U B

þ

B B B B B B B B B B B B B B

þ

&

� B B B B B B B B B B B B B B B B B

@�B B B B B B B B B B B B B B B B B B

A
²

ËE·ˆÑ�µ¯º>¸D´Gµ«É�·G¶ðÅÇ½ÎºDÈý¶¾·Î¸wµ¯ºwÊ µƒ»ƒ×hµ•º>»hÄwÄ*ÉGÈÙÂ�¸w¶ ½Î·?Ï

Aw (Z ) =
2NX

z=0

Aw;z Z z =
Aacc

w (Z )Aacc
w (Z )

µ
N
w

¶ :

ÿ µ†¸D´Gµ•·ÌÑGµ¯ºw¶ ×hµ

Aw;z
¶ ·­¸Dµ•ºDÈ•Ä›½hÅ

Aacc
w;z

P

Aw (Z ) ¢
µ

N
w

¶
= Aacc

w (Z )Aacc
w (Z )

þ

B



=
NX

i =0

Aacc
w;i Z i

NX

j =0

Aacc
w;j Z j

=
NX

i =0

NX

j =0

Aacc
w;i Aacc

w;j Z i + j

=
2NX

m =0

mX

i =0

Aacc
w;i Aacc

w;m ¡ i Z
m

=
2NX

m =0

Z m
mX

i =0

Aacc
w;i Aacc

w;m ¡ i

»h·�Ñ­ÄD½

Aw;m =
1

µ
N
w

¶
mX

i =0

Aacc
w;i Aacc

w;m ¡ i :

Õ

ÉG¿�Ä*¸D¶ ¸DÉ�¸w¶ ½Î·Ì½aÅs¸w´Gµ†ÅÇ½hºwÈ‚ÉGÊ•»k¶¾·(ÒšÊ•»hÄwÄÆ¹h¶¾×hµƒÄ

Aw;m =

P m
i =0

µ
N ¡ i
bw=2c

¶ µ
i ¡ 1

dw=2e¡ 1

¶ µ
N ¡ m + i

bw=2c

¶ µ
m ¡ i ¡ 1
dw=2e¡ 1

¶

µ
N
w

¶

�

·�ÂGÉ�¸*ü

ò

µ•ÑGÉG·�ÑG»h·�ÒšÁÃÿ µ¯¶¾¹h´m¸2�M·mÉGÈÙµ•ºw»a¸D½hº

�

ÉG·�Ò“¸w¶ ½Î·­ÅÇ½hº›¸w´Gµ«ÉG·G¶ ÅÇ½hºwÈ ¶¾·Î¸wµ¯ºwÊ µƒ»ƒ×hµ•º•Ï

N = 10Ó

ê>áaß“çdæ{6 |“èX82å�æ‚ì4î¯çðïƒë�æ

ì4î¯çðïƒë�æ B

þ &

@ < > � W U �

þ

B

B

þ

B B B B B B B B B B

þ

B B B B B B B B B B B

&

B B

Ó

þ

B�B

þ

Ó

U�BTB B B B B B B B B

@ B B

Ó

&

B�B @

Ó

&

BTB B B B B B B B B

< B B

Ó

@�B�B <

Ó

&�&T&

B

Ó

>K@T@ @

Ó

WK@�@ B B B B B B

> B B

Ó

<TB�B <

Ó

U�UT�

þ

Ó

U��VW

þÎþ

Ó

&

BTB B B B B B B

� B B

Ó

>KB�B >

Ó

&�&T&

<

Ó

B�@T@

&

B

Ó

<TBTB

þ

Ó

WK>KB >

Ó

U�@T@ B B B B

W B B

Ó

��B�B >

Ó

&

<T< �

Ó

U��VW

&

U

Ó

���VW W

Ó

>KB�B

&

B

Ó

BTB�B B

Ó

B�BTB B B B

U B B

Ó

WXB�B <

Ó

�.WKU

þ

B

Ó

B�@T@ @T@

Ó

�K<.@

þ

U

Ó

BT@�� @.W

Ó

þ

<T@ @

Ó

@�@T@ >

Ó

BTB�B B

Ó

B�B�B B

� B B

Ó

U�B�B <

Ó

<�<T<

þ

@

Ó

B��VW @T@

Ó

�K<.@ @

þ

Ó

<

&

� <VW

Ó

�

þ

�

þ

@

Ó

@�@�@

þ

@

Ó

@�@T@ B

Ó

B�B�B B

þ

B B B

Ó

��B�B @

Ó

���VW

þ

>

Ó

<TBTB

&

�

Ó

>X<.@ <T@

Ó

&Gþ

< <.>

Ó

BTB�B

&

�

Ó

���.W

þ

>

Ó

>�>��

&

Ó

>KB�B

þ

Ó

B�BTB

�

·�ÂGÉ�¸*ü

ò

µƒÑ�ÉG·�ÑG»h·�ÒšÁÃÿ µ•¶ ¹Î´Î¸2�M·mÉ�È4µ•ºw»a¸D½Îº

�

ÉG·�Òš¸D¶¾½h·­ÅÇ½hº›¸w´Gµ«ÉG·G¶ ÅÇ½hºwÈ ¶¾·Î¸wµ¯ºwÊ¾µ•»ƒ×Îµ¯ºƒÏ

N = 100Ó

þÎþ



ê>áaß“çdæ{6 |“èK8�å�æ‚ì4î¯çðïƒë�æ

ì4îšçðïnëUæ B

þ &

@ < > � W U �

þ

B

B

þ

B B B B B B B B B B

þ

B B B B B B B B B B B

&

B B

Ó

B

þ

B

þ

Ó

�TU�B B B B B B B B B

@ B B

Ó

B

&

B @

Ó

�

&

B B B B B B B B B

< B B

Ó

BT@�B >

Ó

U

&

B B

Ó

BT>�� >

Ó

WX�

þ

B B B B B B

> B B

Ó

B�<TB W

Ó

�TU

þ

B

Ó

&

@.>

&�&

Ó

>.WK> B B B B B B

� B B

Ó

B.>KB �

Ó

>�B

&

B

Ó

>KU

&

>�>

Ó

&

W�W B

Ó

&

U�U

þ

U

Ó

&

@�� B B B B

W B B

Ó

BT��B

þhþ

Ó

&

U�<

þ

Ó

þ

>

& þ

B�U

Ó

&

W

þ þ

Ó

�T�

& þ

B��

Ó

B�@�@ B B B B

U B B

Ó

BVWXB

þ

@

Ó

B

&

W

þ

Ó

����<

þ

UT>

Ó

>K@K< >

Ó

WK��� @.>K�

Ó

>TW

þ þ

Ó

&

WK> >��

Ó

@�B

&

B B

� B B

Ó

BTU�B

þ

<

Ó

WX@

þ

@

Ó

þ

>�U

&

��B

Ó

�K<T@

þ

>

Ó

þ

<

&

�

&

U

Ó

UK<.> �

Ó

UTUK< <V>X<

Ó

�.>XB B B

þ

B B B

Ó

BT��B

þ

�

Ó

@��VW <

Ó

��UVW <

&

�

Ó

WXUK< @T@

Ó

@T>X<

&

B

&

<

Ó

BK�T> <.@

Ó

B.WK�

þ

���TB

Ó

þ

UKB >

Ó

@

&

U

þ

�T@

Ó

��@.W

�

·GÂGÉ�¸Dü

ò

µƒÑ�ÉG·�ÑG»h·�ÒšÁÀÿ7µ•¶ ¹Î´Î¸2�M·UÉGÈÙµ¯ºw»a¸D½Îº

�

ÉG·�Òš¸D¶¾½h·­ÅÇ½hº›¸w´Gµ«ÉG·G¶ ÅÇ½hºwÈý¶ ·m¸Dµ¯ºwÊ¾µ•»n×hµ¯ºƒÏ

N = 1000Ó

ê>á_ß“çdæ•6 |“èK8�å�æ‚ì4î¯çðïƒë�æ

ì4îšçðïnëUæ B

þ &

@ < > � W U �

þ

B

B

þ

B B B B B B B B B B

þ

B B B B B B B B B B B

&

B B

Ó

B�B

þ þ

Ó

�T��U B B B B B B B B

@ B B

Ó

B�B

&

@

Ó

�T�

&

B B B B B B B B

< B B

Ó

B�BT@ >

Ó

�TU

&

B

Ó

B�B�� >

Ó

�.WX� B B B B B B

> B B

Ó

B�B�< W

Ó

�T��U B

Ó

B

&

<

&

@

Ó

U.>K� B B B B B B

� B B

Ó

B�B.> �

Ó

�.>KB B

Ó

B���B >K�

Ó

>

&�þ

B

Ó

B�@TB

þ

�

Ó

U

&

B B B B B

W B B

Ó

B�BT�

þÎþ

Ó

�

&

U B

Ó

þ\&

B

þhþ

U

Ó

U�B�@ B

Ó

þ

WK�

þÎþ

U

Ó

>K�K< B B B B

U B B

Ó

B�BVW

þ

@

Ó

��B

&

B

Ó

&

B��

&

BVW

Ó

<TU.W B

Ó

�

&

> <

þ

@

Ó

W

&

� B

Ó

þ

@�� �TU

Ó

U�U.> B B

� B B

Ó

B�BTU

þ

>

Ó

U.W

&

B

Ó

@�@K< @�@

þ

Ó

@

þ

@

þ

Ó

���T@

þ

B��T�

Ó

�X<.>

þ

Ó

þ

B.W >X<TU

Ó

UT�.W B B

þ

B B B

Ó

B�BT�

þ

W

Ó

U�@TU B

Ó

>KB�B <T�.>

Ó

�.WXB @

Ó

WX@.>

&

<T�VW

Ó

<

þ

W <

Ó

�T�T>

&

<.>��

Ó

�.W�W B

Ó

�

&

B

&

<V>

Ó

WK>KB

€E<E.�-‚•B)?.„ƒ ),8H1�.‚…‡†

��î¯ß“àkçdè2á_æfçuÞ_èq/

�

ÅM¸wµ¯ºwÈ4¶¾·�»a¸D¶¾½h·ó¶•ÄÜµ¯ÈÙÂGÊ¾½nÁÎµ•ÑÌÅÇ½ÎºB¸w´Gµ‚Û�º¼Ä*¸=Ò¯½�Ñ�µhÏ�¸D´Gµ•·öÐ9µkÉˆÄ*µ4»ÃÄDÊ¾¶ ¹Î´Î¸DÊ¾Á(Ñ�¶Jˆ�µ•ºDµ•·Î¸

�0ò

ÿy�

�

ÅÇ½hºÜ¸D´Gµ

»hÒ•ÒšÉGÈ‚ÉGÊ•»a¸Dµ«Òš½�ÑGµhÏ

~Aacc
w;z =

½
Aacc

w;z w
µ¯×Îµ¯·

0
½a¸D´�µ¯ºwÐ>¶¾ÄDµ

³›´G¶•Ä9ÅÇ½hÊ¾Ê¾½nÐEÄÆ¿ˆµƒÒ¯»hÉ�Ä*µ=½h·GÊ¾Á•µ¯×hµ¯·�Ê Á•Ð9µ•¶ ¹Î´Î¸wµ•ÑÃ¶ ·�ÂGÉ�¸wÄ>Ò•»a·Í¸wµ¯ºwÈÙ¶ ·�»a¸DµÜ¸D´Gµ«Ä*¸w»_¸wµÙøÇÐ>´Gµ•·­Ä0¸¼»aºD¸D¶¾·G¹‚ÅÇºw½hÈ Ä0¸¼»_¸wµ�Bmù

Ó

³›´�µ

Òš½ÎºDºwµ•ÄDÂ�½h·�Ñ�¶¾·G¹

�0ò

ÿy�

�

Òš½UµQRÍÒš¶¾µ¯·Î¸¼ÄÆÅÇ½hº>½ÎÉGºEÒš½h·ˆÒ¯»_¸wµ¯·�»a¸DµƒÑÀÒš½�ÑGµ†»hºDµ=¸D´Gµ•·

~Aw;z =
½

Aw;z w
µ¯×Îµ¯·

0
½a¸D´�µ¯ºwÐ>¶¾ÄDµ

³›´�»a¸>¶•Ä¯ÏG¶ ·­¸D´�µ†¸w»a¿�Ê µƒÄ>»a¿�½_×hµ†ÄD¶ ÈÙÂGÊ¾Á‰
¯µ¯ºw½Ù»hÊ Ê,Òš½hÊ¾ÉGÈÙ·�Ä>Ð>¶ð¸w´­½GÑGÑÀ¶ ·�ÂGÉ�¸EÐÆµ¯¶¾¹h´Î¸

Ó

þD&



Šöá_æfß“çŒ‹7êEÞXbCî¯ß�3=Šöî¯ædë�Þa��/

õ

Ñ�Ñ�¶ð¸w¶ ½Î·�»aÊ¾Ê¾ÁhÏCÐ9µ(Òš½hÉGÊ•ÑX´�»n×hµÀÐ>ºw¶ð¸D¸Dµ•·Ö»öÂ�ºD½Î¹hº¼»_È ¸D½pÒ•»aÊ•ÒšÉGÊ•»_¸wµÃ¸D´�µ

�0ò

ÿy�

�

ÅÇ½hº4¸D´Gµ

»hÒ•ÒšÉGÈ‚ÉGÊ•»a¸Dµ«Ò¯½�Ñ�µ«É�Ä*¶¾·G¹Ù¸D´GµúÈÙµš¸D´�½�ÑGÄEÑ�¶•ÄDÒ¯É�ÄwÄ*µƒÑÀ¶ ·óÒšÊ•»hÄwÄ

ÓMÔ

½nÐÆµ¯×hµ¯ºƒÏ�º¼»a¶•Ä*¶¾·G¹k¸w´Gµ†¸wºw»h·�Ä*ÅÇµ¯º>È•»_¸wºD¶ ôÀ½aÅs¸w´Gµ‚»hÒ¯Ò¯ÉGÈ‚É�ü

Ê•»_¸DµúÒš½�Ñ�µÎÏ

A (W; Z ) =
·

1 W Z
W Z

¸

¸D½Ù¸D´Gµ

þ

B�BTB_¸D´ÀÂ�½nÐÆµ¯º>Ð>¶ Ê¾Ê?µšôGÒšµ•µ•ÑÃ¸D´GµúÒ¯½hÈÙÂGÉ�¸wµ¯º\* Ä›ÈÙµ¯ÈÙ½ÎºDÁ

Ó

³›´Gµ†Â�½ÎÊ ÁU·G½ÎÈ4¶•»aÊ

Aacc (W; Z ) = [A 1000 ]1;1 + [A 1000 ]1;2

·G½h¸=½h·GÊ¾ÁÌ´�»ÎÄ=Ñ�µ¯¹hºwµ¯µ

þ

B�BTB•¿GÉ�¸†¶ ¸wÄ†Òš½UµQR•Ò¯¶ µ•·Î¸wÄ=»hÊ¾ÄD½ÀÄDÉGÈ ¸w½

21000 ød¸D´�µ4·mÉGÈ‚¿�µ•º=½hÅCÒ¯½�Ñ�µ¯ÐÆ½hº¼ÑGÄwù

Ó†Õ

½ˆÏ2Ð9µk·Gµ•µ•Ñ(¸w½

¸DºwÉG·�Ò•»_¸wµ=¸D´Gµ«Â�½hÊ¾ÁU·G½hÈÙ¶•»aÊ•ÄÆ¶ ·Ìµ•»ÎÒw´­µ¯·m¸DºwÁÍÐ>´Gµ•·­Â�µ¯ºDÅÇ½hºwÈÙ¶ ·�¹k¸D´Gµ«È•»_¸wºD¶ ôÃÈ‚ÉGÊ ¸D¶¾ÂGÊ¾¶¾Ò•»_¸D¶¾½h·,ÏGµ•Ä*Â�µƒÒš¶•»aÊ¾Ê ÁÃÄD¶ ·ˆÒšµ†Ð9µ«½h·GÊ¾Á

ÐÆ»h·Î¸›¸w´Gµ«Ê¾½nÐ9µ•º›Â�½_Ð9µ•ºwÄÆ½hÅ

A(W; Z ) Ó

þ

@


